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Introduction

Pioneered at Lancaster, Andreev scattering technique has become the
powerfull method for studying quantum turbulence phenomena in super-
fluid 3He-B in the ultra-low temperature regime. This technique is based
on the fact that the energy dispersion curve, E = E(p) of excitations with
momentum p is tied to the reference frame of the superfluid, so, in a super-
fluid moving with velocity vs, the dispersion curve becomes E(p) + p · vs
[1]. Thus one side of a vortex line presents a potential barrier to oncoming
quasiparticles, which can be reflected almost exactly, becoming quasiholes;
the other side of the vortex lets quasiparticles to go through. Quasiholes are
reflected or transmitted in the opposite way. The vortex thus casts a shadow
for quasiparticles at one side and for quasiholes at the other side [2], and, by
measuring the flux of excitations, one detects the presence of the vortex.

We have developed a numerical method which enables us to simulate
the interaction of a three dimensional vortex tangle of quantized vortices
and thermal quasiparticles moving in the velocity field of the vortices. We
present results which refer to different vortex configurations. In particular,
we show the dependence of the thermal transparency on (i) the vortex line
density and curvature of a system of vortex rings, and (ii) the Kelvin waves
along an initially rectilinear vortex.

Governing equations and numerical method

We consider the three dimensional problem of ballistic propagation of ther-
mal exitations in the flow field of different configurations of vortices. The
energy of excitation is

E =
√

e2
p + ∆2

o + p · vs(r, t) , (1)

where ep = p2

2m∗ − eF is the kinetic energy of thermal excitation of momen-
tum p relative to the Fermi energy eF , m∗ ≈ 3.01m is the effective mass of
excitation with m being the bare mass of the 3He atom, and ∆0 = 1.76kBTc,
with the critical temperature Tc, is the superfluid energy gap. The numerical
values are taken at zero bar pressure [3]. Excitations with ep > 0 are called
quasiparticles, and with ep < 0 are called quasiholes.

The superfluid velocity field induced by the vortices at the point r is given
by the Biot-Savart law

vs(r, t) =
κ

4π

∫

(s − r) × ds

|s − r|3
, (2)

where κ = π~/m ≈ 0.662 × 10−3cm2/s is the quantum of circulation in
3He-B. We assume that the interaction term, p · vs varies on a spatial scale
which is larger than the coherence length ξ0 = ~vF/π∆0 so that the excita-
tion can be regarded as a compact object of momentum p = p(t), position
r = r(t), and energy E = E(p, r, t) given by Eq. (1). Using the method
developed in Ref. [4], Eq. (1) can be considered as an effective Hamiltonian
yielding the following equations of motion:

ṙ =
∂E

∂p
=

ep
√

e2
p + ∆2

0

p

m∗ + vs, ṗ = −
∂E

∂r
= −

∂

∂r
[p · vs]. (3)

We solved numerically Eqs (3) of ballistic motion of quasiparticles in order
to calculate the fraction of thermal flux reflected from the vortex configura-
tion. A net flux of excitations (and, hence, energy) results in the case where
there is a (small) temperature gradient. In this case heat generated by the
source is

δQinc =

∫ ∞

∆
NFvFE

∂f (E)

∂T
δT dE, (4)

where δT ≪ T is a temperature difference between the source of ther-
mal excitations and the opposite side of the system, NF is the density of
states at the Fermi energy, and f (E) is the Fermi distribution function.
In numerical simulations the temperature T = 0.1Tc; at such ultra-low
temperatures the Fermi distribution becomes the Boltzmann distribution,
f (E) = exp(−E/kBT ).

Eqs (3) are solved by the code, which is the variable-step, variable-order im-
plementation of the numerical differentiation formulas particularly efficient
for solving stiff problems (for description of the method see Refs [5] and [6]).
The superfluid velocity is calculated from Eq. (2) by means of the vortex
filament method using periodic boundary conditions (for detailed descrip-
tion of the method see Ref. [7]). The quasiparticles in the flux are assumed
to move along parallel trajectories (this corresponds to the case where the
point source is located far from the vorticity area). The average energy of
the quasiparticles’ energy distribution is 〈E〉 = ∆0 + kBT .

We tested our numerical method in the presence of a single straight line
vortex whose velocity field is time independent and the energy defined by
Eq. (1) is an integral of motion. Fig. 1a shows trajectories of excitations
with different starting conditions. Fig. 1b shows that in this calculation the
relative error, ∆E/E0 = (E−E0)/E0 (E0 is the initial energy), is less than
2.5 × 10−4 so that our method conserves the energy very well.
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Figure 1: a) Trajectories of thermal exitations with different impact
parameters. The thick gray line corresponds to the vortex. Solid ar-
rows show the directions of incident quasiparticles and dashed arrows
of reflected quasiholes. Perpendicular to the vortex core, red line is the
shadow for quasiparticles with the average energy. b) Relative error in
energy vs time for corresponding trajectories.

Interaction of the flux of quasiparticles with the
system of vortex rings

The numerical simulation of the heat flux reflected by the system of vortex
rings was carried out within the periodic cubic domain. The flux is modelled
by Nqs = 52272 quasiparticles entering from one side of the box and moving
parallel to the x̂-direction. Initial positions on the (y, z)-plane and energies
of quasiparticles, E0 (∆0 < E0 ≤ 1.7∆0) are uniformly distributed.

We studied three different scenarios, illustrated by Fig. 2 for one of several
examined initial configurations, of evolution of the initial configuration of
unlinked rings:

i) The total line length of the rings and the interline spacing ℓ are conserved
but the average curvature of the system, C increases [configuration a) trans-
forms into configuration b)].
ii) The total length decreases together with the increase of the interline
spacing, ℓ and the average curvature, C [configuration a) transforms into
configuration c)].
iii) The total length decreases, the interline spacing ℓ increases, but the av-
erage curvature of the system is conserved [configuration a) transforms into
configuration d)].

−0.005

0.005

−0.005
0.005

−0.005

0.005

x

a)

y

z

−0.005

0.005

zb)

−0.005

0.005

zc)

−0.005

0.005

−0.005
0.005

−0.005

0.005

y x

zd)

Figure 2: a) Initial configuration of six unlinked rings. Final config-
urations: b) thirty rings corresponding to scenario i); b) six unlinked
rings corresponding to scenario ii); c) a single ring (scenario iii)).

We characterize the system of rings by the dimensionless parameter
Cℓ which increases during the evolution. In all three cases the power of
reflected quasiparticles decreases but the rate of decrease is different in
each case. The normalized reflection coefficent, Rnorm = R/Rinitial ex-
hibits the power-low dependence on the normalized dimensionless parame-
ter (Cℓ)norm = (Cℓ)/(Cℓ)initial (see Fig. 3). For scenarios i), ii), and iii)
Rnorm scales as (Cℓ)−0.28

norm, (Cℓ)−0.5
norm, and (Cℓ)−0.75

norm, respectively.
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Figure 3: Rnorm vs (Cℓ)norm. The squares, stars, and triangles cor-
respond to three different starting configurations for each scenario of
evolution.

Interaction of the flux of quasiparticles with
Kelvin waves along a rectilinear vortex.

Numerical simulations were carried out within the rectangular parallelepiped
box of the volume V . The vortex line was fixed at the centres of opposite
faces parallel to the (x, y)-plane. Quasiparticles enter from the face of the
box that is parallel to the (y, z)-plane and move along parallel trajectories
in the x̂-direction.

The vortex is characterized by two lengthscales: the total length of vortex
in the presence of helical waves L, and the smoothed length L0 which is
equal to the size of the box in the ẑ-direction. We define the effective in-
terline spacings as ℓ = (L/V )−1/2 and ℓ0 = (L0/V )−1/2 for perturbed and
smoothed vortices, respectively. Simulations started for the waves with the
length λ = L0/2 and finished with λ = L0/36 (Fig. 4). Corresponding

to the pure Kelvin wave cascade with the spectrum E(k) ∼ k−17/5 [8],

the dependence of the wave amplitudes on the wavenumbers is A ∼ k−6/5

(Fig. 5a). In this case the curvature of the vortex line is C ∼ k4/5 (see the
top of Fig. 5b).
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Figure 4: The cascade of helical waves along an initially rectilinear
vortex.

We studied the reflection of the thermal flux in the presence of one vortex
line for the following two situations:

i) The box size in the ẑ-direction, dz = L0, is fixed and so the perturbed
line length changes from L/L0 ≈ 1.88 for the waves with the wavelength
λ = L0/2 to L/L0 ≈ 1.32 for the waves with λ = L0/36. Other dimensions
of the box and the number of quasiparticles, Nqs are fixed so that the ef-
fective interline spacing decreases (green line on the bottom of Fig. 5b). We
also calculated the reflection coefficient R0 for the unperturbed rectilinear
vortex.
ii) The box size in the ẑ-direction, dz is gradually reduced to conserve the to-
tal length L of the perturbed vortex line and also to guarantee that L = L0.
The extension of the box in the ŷ-direction is increased to conserve the box
volume V and the effective interline spacing, ℓ (red line on the bottom of
Fig. 5b).

In both cases we studied the dependence of the reflection coefficient R on
the dimensionless parameter Cℓ which increases during the cascade.

In case i) R fluctuates around R0. The increase of curvature (which should
reduce R) is compensated by the increase of the line length L. In case ii)
the line length is conserved and we observed the reduction of R by about
6.5%.

The behaviour of the normalized reflection coefficient, Rnorm = (R/L)/R0
with (Cℓ)norm = (Cℓ)/(Cℓ)initial is qualitatively similar for both cases (see

Fig. 5c) and can be aproximated as Rnorm ∼ (Cℓ)
1/2
norm/(1 + (Cℓ)

1/2
norm).
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Figure 5: a) Wave amplitude A vs wavenumber k. b) Cnorm =
C/Cinitial (top) and ℓ/ℓ0 (bottom) vs k, and c) Rnorm vs (Cℓ)norm

for cases i) (green lines) and ii) (red lines)

Conclusions

The numerical calculations show that the fraction of the incident quasipar-
ticles’ flux reflected by a three-dimensional vortex configration is determined
by both the line density and the average curvature of the vortex system. The
thermal transparency of a three-dimensional vortex configuration increases
with curvature even in the case where the vortex line density is constant.

For Kelvin waves with the k−17/5 spectrum waves the thermal trans-
parency per unit length of a single vortex line decreases with curvature.
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