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Introduction

Superfluid turbulence consists of a disordered tan-

gle of thin-cored vortex filaments of fixed circulation

Γ. The intensity of the turbulence is described by

the average inter-vortex spacing ℓ. We are concerned

with the observed decay of superfluid turbulence at

very low temperatures. This decay seems at first

surprising, given the absence of viscous dissipation

(a pure superfluid has zero viscosity). The current

explanation is that, during the decay, the turbulent

kinetic energy is transformed into sound energy by

the rapid motion of vortices, particularly by Kelvin

waves. These are helical-like deformations of vor-

tex filaments which propagate with angular frequency

ω ∼ Γk2, where k is the wavenumber.

Figure 1: A numerically computed vortex tan-

gle, using the Schwarz vortex filament method.

However, to account for the observed decay, the wave-

lengths of the Kelvin waves must be orders of magni-

tude smaller than ℓ. The natural question is: where

do these very short lengthscales come from? Nonlin-

ear interactions between Kelvin waves shift energy

to smaller and smaller scales, until, at sufficiently

small scales, the energy can be efficiently radiated

away. The Kelvin wave cascade is analogous to the

Kolmogorov cascade in ordinary turbulence (which

shifts kinetic energy to scales small enough that vis-

cous forces can turn it into heat). The aim of this

work is to investigate the properties of the Kelvin

wave cascade by direct numerical calculations.

The Model

Zero temperature superfluid turbulence is usually

modelled by approximating a vortex filament as a

space curve s(ξ, t), where ξ is arc length and t is

time, which is discretised into a large, variable num-

ber of points sj (j = 1, . . . , N). The self-induced

velocity ds/dt of the vortex at the point s is given by

the Biot-Savart (BS) law

ṡ =
κ

4π

∮

L

(s− r)

|s− r|3
× dr, (1)

where the line integral extends over the entire vor-

tex configuration L. The technique to de-singularise

the integral and to perform vortex reconnections is

standard [Schwarz, 1988].

Our numerical method makes use of a tree-algorithm,

standard practice in astrophysical N -body simula-

tions. By taking exact near-field contributions to the

BS integral, but approximate far-field contributions,

we approximate the BS integral with minimal loss of

accuracy, but a dramatic speedup. Indeed the CPU

time required to evaluate Biot-Savart integrals scales

as N logN rather than N 2, where N is the number

of discretisation points along the vortex lines.

Kelvin Waves in superfluid

Helium

Interactions between Kelvin waves on the same vor-

tex line, but with different wavenumbers, leads to

turbulent energy transfer toward large k. This idea

was developed theoretically [Svistunov, 1995] and has

been numerically verified, see Vinen [2003] for exam-

ple.

Two versions of the Kelvin wave spectrum have been

suggested, the Kozik-Svistunov spectrum

nk = CKSκ
2/5ǫ1/5k−17/5, (2)

and the L’vov-Nazarenko spectrum

nk = CLNǫ
1/3Ψ−2/3k−11/3. (3)

Here both CKS and CLN are dimensionless constants,

ǫ is the energy flux and Ψ < 1 characterizes the ratio

of ℓ to the large-scale modulation of the vortex lines.

Although the difference between the two predicted

power-law exponents are very similar, the theories

differ on matters of principle. The aim of this study

is to distinguish between these two results, furthering

our knowledge of nonlinear vortex dynamics.

Numerical simulations

In order for us to sustain a non-equilibrium steady

state on the vortex line we include terms for forc-

ing vf and dissipation vd in the equation of motion.

Therefore the complete dynamics of the vortex line

is given by the following equation of motion

ds

dt
= vsi + vf + vd, (4)

where vsi is given by the BS integral, Eq. (1).

We force the cascade process by additively excit-

ing a specific range of Kelvin-wave modes from rest,

forcing only modes situated in the large scale range

9 ≤ k ≤ 11 with fixed amplitude F ,

vf =

k=11
∑

k=9

F exp

(

i

[

2πk

d
+ φk

])

. (5)

The phase φk is uniformly distributed in [0, 2π) and

randomized at each mode and at each time step.

In order to obtain a non-equilibrium steady state we

must remove energy at small scales. We modify the

dissipation mechanism used in the Schwarz equation

to account for finite temperatures [Schwarz, 1988],

defining vd as

vd = −νC4s′ × vsi, (6)

where C is the local curvature at the discretisation

point.

We perform numerical simulations in a periodic cube

with sides of length 0.1 cm. In all simulations the ini-

tial condition is a single vortex line along the z direc-

tion in the centre of the box (x = y = 0). Through-

out the duration of the simulation the endpoints of

the vortex are fixed at x = y = 0. We numerically

solve Eq. (4), with a fixed time-step ∆t = 0.5×10−6 s,

performing 8× 107 time-steps.
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Figure 2: The evolution of the total vortex line

length Λ =
∫

L dξ, as the simulation progresses.

At regular intervals during each simulation we in-

terpolate the vortex position to a filament with uni-

form resolution of ∆/2. Along this uniform fila-

ment we can readily construct the complex position

w = x + iy, and hence obtain the distribution of

kelvon occupation numbers nk. Compensated spec-

tra from a simulation with F = 0.1 cm/s are shown

below.
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Figure 3: Compensated kelvon occupation

spectra nk vs wavenumber k: n3.66
k (solid line),

n3.4
k (dashed line), nkk

3 (dot-dashed line). The

amplitude of the forcing F = 0.1 cm/s.

It is clear through these compensated spectra that (i)

we have sufficiently smooth spectra to distinguish be-

tween both theories (ii) the results of our simulations

favour the L’vov-Nazarenko spectrum nk ∼ k−11/3.
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