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Introduction

Turbulence, near omni-present in natural flows,

presents an open and difficult problem. It is typically

studied in media which exhibit continuous velocity

fields. However turbulence can also be investigated in

a different setting: low-temperature quantum fluids,

which exhibit discrete vorticity fields. The motion of

quantum fluids is strongly constrained by quantum

mechanics; notably the vorticity is concentrated in

discrete vortex filaments of fixed circulation κ whose

cores have atomic thickness. As first envisaged by

Feynman, quantum turbulence consists of a tangle of

interacting, reconnecting vortex lines.

Figure 1: A numerically computed vortex tan-

gle, using the vortex filament method with a fixed

counterflow velocity.

The first studies of quantum turbulence focused on

the problem of thermal counterflow. A prototypical

experiment consists of a channel which is closed at

one end and open to the helium bath at the other

end. At the closed end, a resistor inputs a steady

flux of heat. The heat is carried away from the re-

sistor by the normal fluid component, the superfluid

component flows towards the resistor to maintain the

total mass flux equal to zero. If the relative velocity

of superfluid and normal fluid is larger than a small

critical value, the laminar counterflow of the two flu-

ids breaks down and a tangle of vortex lines appears.

Recent experiments have made dramatic progress in

the ability to visualise quantum turbulence using

tracer particles. Paoletti et al. [2] discovered that in

quantum turbulence the velocity statistics are non-

Gaussian, in contrast to experimental and numerical

studies of classical turbulence.

Another important one–point observable is the dis-

tribution of turbulent accelerations. In classical tur-

bulence, Mordant et al. [1] showed that the accel-

eration statistics give good agreement to log–normal

distributions. In quantum turbulence, accelerations

were measured only recently by La Mantia et al. [3].

Their results were striking: whilst observing the (now

familiar) power–law nature of the one-point velocity

statistics, their probability density functions (PDFs)

of the acceleration statistics were surprisingly similar

to classical results.

Figure 2: Experimental acceleration statistics

taken from La Mantia et al. (2013) [3].

The Model

We investigate the problem numerically, modelling

vortex lines as oriented space curves of infinitesi-

mal thickness. The governing equation of motion is

Schwarz’s equation

ds

dt
= vs+αs′× (vn−vs)−α′s′× (s′ × (vn − vs)) ,

(1)

where t is time, α and α′ are temperature–dependent

friction coefficients, and vn is the normal fluid ve-

locity at the point s. The superfluid velocity vs =

vext
s +vsi

s contains two parts: the superflow induced by

the heater, vext
s , and the self-induced velocity of the

vortex line at the point s, given by the Biot-Savart

law

vsi
s (s, t) = −

κ

4π

∮
L

(s− r)

|s− r|3
× dr, (2)

where L is the total vortex configuration.

The normal fluid velocity, vn, driven by the heater, is

a prescribed constant flow in the positive x direction.

We ignore potentially interesting physics arising from

boundaries, and any influence of the quantized vor-

tices on the normal fluid, but our model is sufficient

for a first study of superfluid acceleration statistics.

Results

First we consider the velocity. PDFs of the velocity

components vx, vy and vz of vi from the simulation

at T=1.75 K, vns = 1 cm/s, which are plotted below.
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Figure 3: Probability density functions (PDF)

of turbulent velocity components vi (i = x, y, z)

vs vi/σi computed from the velocity of the vortex

points dsi/dt

.

Note the power–law behavior of the tails. Best–fits

to the data give PDF(v) ∝ v−3.2; comparable re-

sults are obtained at different T and vns. The PDF’s

exponents, close to −3, can be understood if we con-

sider an isolated straight vortex line. At the dis-

tance r from its axis, the vortex line induces a ve-

locity field v ∝ 1/r. The probability P (v)dv of

finding the value v is thus proportional to the area

2πrdr of the annulus between r and r + dr; there-

fore P (v)dv ∼ rdr ∼ (1/v)(dv/v2) ∼ v−3dv, hence

PDF(v) ∼ v−3.

If we apply the straight vortex line argument to the

acceleration a = v2/r, we find that the probability of

the value a is P (a)da ∼ rdr ∼ (1/a1/3)(da/a4/3) ∼

a−5/3da, hence we expect PDF(a) ∼ a−5/3.

10
−1

10
0

10
−3

10
−2

10
−1

10
0

 

 

a
x
, T=1.65 K, v

ns
=1 cm/s

a
y
, T=1.65 K, v

ns
=1 cm/s

a
x
, T=1.75 K, v

ns
=1 cm/s

a
y
, T=1.75 K, v

ns
=1 cm/s

a
x
, T=1.85 K, v

ns
=1 cm/s

a
y
, T=1.85 K, v

ns
=1 cm/s

Power−law PDF(a) ∼  a−5/3

Log−normal fit

P
D
F
(|
a
i|
)

|ai|/σi

Figure 4: PDFs of the x and y components of

the acceleration of the quantized vortices, scaled

by the standard deviation of the relevant com-

ponent. A log normal fit to the data, and the

predicted power law scaling (PDF∼ a
−5/3
i ) are

plotted.

Lognormal distributions are heavy-tailed (i.e. the

tails of the distribution are not exponentially

bounded), and show reasonable agreement with the

data. However it is clear that we observe a power-

law scaling for the acceleration statistics in this study,

with good agreement to the predicted −5/3 scaling.
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