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Using high resolution numerical simulations we investigate the surprising f −5/3 scaling of the power spectrum of fluctu-
ations of the vortex line density in quantum turbulence.

Quantum turbulence

Superfluid turbulence or quantum turbulence is the study of turbulent or
chaotic fluid motion in supercooled liquids.

At temperatures close to absolute zero (T < 2.17 K for 4He, or T < 2.491
mK for 3He) liquid helium starts to become superfluid.

For finite temperatures, there exists a two-fluid state, where there is a
coexistence of a normal (classical) viscous fluid interlocked to a quantum
(inviscid) superfluid through mutual friction.

Experimental studies

Highlight the quasi-classical nature of quantum turbulence
Maurer & Tabeling, EPL (1994) demonstrated that, at large scales, the
superfluid flow behaves in a quasi-Kolmogorov manner.

Quantized vortices polarize into bundles that collectively act as classical
large-scale eddies

Roche et al.[1] measured the fluctuations of L, the vortex line density, in
finite temperature superfluid 4He turbulence.

Remarkably they showed that the power spectrum of L, scales as f −5/3,

L is a measure of the superfluid vorticity, ωs = κL.

Hence the f −5/3 scaling contradicts the classical enstrophy spectrum from
the Kolmogorov theory of classical 3D turbulence

P.-E. Roche, P. Diribarne, T. Didelot, O. Français, L. Rousseau, and H.
Willaime, EPL 77, 66002, (2007).

Numerical model

We model quantum vortex filaments as space curves s(ξ, t) which move
according to

ds

dt
= vs + αs′ × (vn − vs)− α′s′ × (s′ × (vn − vs),

Self-induced velocity of the vortex filament at the point s is given by the
Biot-Savart law,

vs = − κ

4π

∮
L

(s− r)

|s− r|3
× dr,

Model the turbulent normal fluid, with the following ‘synthetic’ turbulent
flow Osborne et al., PRE (2006):

vn(s, t) =
M∑

m=1

(Am × km cosφm + Bm × km sinφm),

where φm = km · s + ωmt, km and ωm =
√

k3
mE (km).

Energy spectrum has Kolmogorov form E (km) ∼ k
−5/3
m .

Vortex reconnections modelled algorithmically.

Tree algorithm reduces computational costs from O(N2)→ O(N log N).

Experimentally observed quan-
tised vortices, figure from Pao-
letti et al., JPSJ (2008).

Identifying local polarisation

Compute the smoothed vorticity, ω, at
discretisation points, si .

ω(si ) = κ
N∑
j=1

s′jW (rij , h)∆ξj

Here rij = |si − sj |, ∆ξj = |sj+1 − sj | and
W (r , h) = f (r/h)/(πh3), is the
smoothing kernel, with characteristic
lengthscale h,

f (q) =


1− 3

2q2 + 3
4q3, 0 ≤ q < 1;

1
4 (2− q)3 , 1 ≤ q < 2;

0, q ≥ 2.

This approach is commonly employed in
the smoothed particle hydrodynamics
(SPH) literature

The central figure shows a vortex tangle
coloured by ω, and decomposed into a
polarised, and random component.Results I - Frequency spectra

Compute the power spectral density (PSD) using Welch’s method.

Distinguish between the total vortex line density, L, and the coherent line
density, L‖ (ω(si ) > 1.4ωrms).

Black line, PSD of L, red line, PSD of L‖

Consistent with results from classical turbulence,

random component of L, advected by flow in the inertial range ⇒ f −5/3.

Spectrum of coherent component peaked at smaller scales.

Results II - Energy spectra

We compute the energy spectra of the flow induced by the vortex tangle.

(left) The upper solid line (a) is the energy spectrum of the flow induced by all
vortices in the tangle.

Lower curves show energy spectra corresponding to the flow induced by vortices
with smoothed ‘vorticity’ below specific values of the rms value: (b) ω < 1.7ωrms ,
(c) 1.4ωrms , (d) 1.2ωrms ,(e) ωrms .

(right) Corresponding spectra computed from the flow induced by vortices with
smoothed ‘vorticity’ above a critical rms value: (b) ω > 1.4ωrms , and below: (a)
ω < 1.4ωrms .

Dashed lines show showing the Kolmogorov and non-cascading straight vortex
spectra, k−5/3 and k−1 respectively.

As we remove the contribution of the high-intensity bundles the energy spectrum
for k < k` shallows from k−5/3 to k−1.

Conclusions

Random component of vortex line density has statistical properties
of a passive scalar - Roche & Barenghi, EPL (2008).

Behaviour of intense vortical regions - vortex bundles - consistent
with classical vorticity.

Vortex bundles make the dominant contribution to the
quasi-classical behaviour of quantum turbulence.
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