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1. Introduction

This work is concerned with the pure quantum turbulence at very low tem-
perature in the absence of viscosity and mutual friction. Quantised vortices
are modelled as space curves s(ξ, t) where t is time and ξ is arclength which
move according to the Biot-Savart law

v(s) = −
κ

4π

∮
L

(s− r)

|s− r|3
× dr

where κ is the quantum of circulation. In this regime, energy is dissipated by
phonon emission at the very short length scales created by a Kelvin wave cas-
cade [1]; this effect is modelled by numerical dissipation at a very small cutoff
scale. Our numerical method makes use of a tree-algorithm [2], for which
the CPU time required to evaluate Biot-Savart integrals scales as N logN
rather than N2, where N is the number of discretization points along the
vortex lines.

2. Steady turbulence

To numerically prepare a sample of homogenous isotropic turbulence we start
from a configuration of random straight vortices in a periodic box of size D,
and let them interact until they form a vortex tangle. We monitor the aver-
age curvature, the vortex line density L (vortex length per unit volume) and
the energy spectrum until a saturated state is reached in which L fluctuates
about a mean value (on longer time scale the vortex tangle will decay due
to the small dissipation). Fig. 1 shows a vortex tangle.

Figure 1: Snapshot of the vortex tangle.

Spectrum: Fig. 2 shows that, for wavenumbers kD < k < kℓ, the energy
spectrum E(k), defined by

Etot =
1

V

∫
1

2
v2dV =

∫ ∞

0
E(k)dk,

satisfies [3,4] the Kolmogorov scaling E(k) ∼ k−5/3 which is typical of or-
dinary turbulence in agreement with experiments [5,6] and other theoretical

studies; here kD = 2π/D, kℓ = 2π/ℓ and ℓ ≈ L−1/2 is the average inter-
vortex distance.
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Figure 2: Energy spectrum E(k) and smoothed vorticity spectrum
Ω(k) vs wavenumber k. The dashed lines represent the corresponding

Kolmogorov scalings k−5/3 (red) and k1/3 (blue).

Statistics: We find that turbulent velocity components obey power-law
statistics [3,4], as determined experimentally at Maryland [7], in contrast to
Gaussian statistics observed in ordinary turbulence. Fig. 3 shows that the
probability density functions (PDFs) change from power-law to Gaussian [3]
if the velocity is averaged over a region of size ∆ which is larger than ℓ, thus
reconciling experimental results obtained at Maryland [8] (tracers smaller
than ℓ) and Grenoble (probe larger than ℓ) [9].
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Figure 3: PDFs of velocity components vi (i = 1, 2, 3) calculated by
averaging over regions of size ∆ = ℓ/6 (top) and ∆ = 2ℓ (bottom).
Note the transition from power-law to Gaussian (black lines).

Worms: We find that the vortex lines are not uniformly distributed but
tend to form bundles of parallel vortices [5], similar to the ”vortical worms”
observed in ordinary turbulence. Using methods of applied statistics based
on the Ripley K-function, we verify that this clustering is not an artifact. To
make the effect more visible we convolve the vortex lines with a Gaussian
kernel and define the smoothed vorticity field ω:

ω(r, t) = κ

N∑
i=1

s′i

(2πσ2)3/2
exp(−|si − r|2/2σ2)∆ξ ,

where s′i = dsi/dξ is the unit vector along a vortex at si = si(ξ, t) and the
smoothing length σ is of the order of ℓ. Fig. 4 shows an individual bundle
and the vortex lines which it contains. Fig. 5 shows the entire smoothed vor-
ticity field ω. We verify that the spectrum Ω(k) of ω satisfies the classical

turbulence scaling ∼ k1/3 (see Fig. 2).

Figure 4: Individual vortex bundle. Vortex lines which make up the
worm are plotted in black, other nearby vortices in grey. The width of
the bundle is approximately 2ℓ.

Figure 5: The smoothed vorticity field ω.

3. Decaying turbulence

The next numerical experiment is concerned with the observation [10,11] of

two regimes of turbulence decay, L ∼ t−1 (ultra-quantum) and L ∼ t−3/2

(semi-classical). We model the experiment by injecting a beam of vortex
rings for a given time and by monitoring the decay [12]. Figs. 6 and 7
show that we reproduce the two regimes. Fig. 8 and 9 show that in the
ultra-quantum regime the energy spectrum decays before sufficient energy
is shifted to the large scales, whereas in the semi-classical regimes energy is
transferred to the large scales first, forming a Kolmogorov spectrumi, which

then decays. The anisotropy of the vortex system plays an important role in
the evolution of the spectrum, as vortex reconnections of rings which travel
in the same direction tend to create larger length scales.

Figure 6: Ultra-quantum decay of vortex line density: vortex line
densityL vs time t.

Figure 7: Ultra-quantum decay of vortex line density: energy spec-
trum E(k) vs wavenumber k at different times.

Figure 8: Semi-classical decay of vortex line density: vortex line den-
sity L vs time t.

Figure 9: Semi-classical decay of vortex line density: energy spectrum
E(k) vs wavenumber k at different times.
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