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Introduction

Smoothed Particle Hydrodynamics (SPH) techniques have become some of
the most widespread methods for performing astrophysical simulations. This
is perhaps due to the fact that the particle-based SPH technique allows for a
simple formulation of hydrodynamics which can be easily be coupled to self-
gravity. The Lagrangian character of SPH allows it to automatically adjust
its resolution to the as matter clumps together, a useful property particularly
suited to astrophysical simulations, where it is typical to encounter a large
dynamic range in density.

Figure 1: Density plots from SPH simulations showing the formation
of multiple population III stars, taken from Clark et al. (Science, 2011).

It is also possible to extend the basic SPH formalism to include fundamen-
tal physics such as radiative transfer, thermal conduction, and relativistic
dynamics.

Magnetic Fields in SPH

One can not escape the fact that we live in a magnetised universe and it is
certainly true that the magnetic field will place strong constraints on the fluid
motion. Unfortunately, at present, there has not been a successful scheme to
implement divergence free magnetic fields, which evolve in a meaningful way,
into SPH. To understand the problem we begin by considering the evolution
equation for the magnetic field, the induction equation:

∂B

∂t
= ∇× u×B + η∇2B, ∇ ·B = 0 (1)

where B(x, t) represents the magnetic field, u is the velocity field and ν is
the magnetic diffusivity. Evolving the B, subject to the divergence free con-
straint has proven to be particularly challenging, within the SPH framework.
A common approach to ensure the magnetic field remains divergence free
is to use the vector potential representation, B = ∇ × A [1], and seek a
solution to the following equation,

∂A

∂t
= −A · (∇u)T + η∇2A. (2)

Price (2010) has shown, however, that the vector potential formularism is un-
stable to the well-known SPH tensile instability, and so a different approach
must be sought.
One common approach is to use Euler potentials (EP), however this ap-
proach is unsatisfactory for a number of reasons. Firstly Moffat (1978) has
shown that magnetic fields with linked or knotted field lines (i.e. non-zero
magnetic helicity) cannot be represented with single-valued differentiable EP.
This alone would limit the applicability of the EP method to astrophysical
simulations, however there is perhaps a more serious issue to their use, as
pointed out by Brandenburg (2010).
In simulations contrasting the use of the vector potential method and the
EP method (not using SPH), Brandenburg showed a good agreement in the
limit of ideal MHD. However the nonlinear representation of the magnetic
field in terms of EP is incompatible with the linear diffusion operator in the
induction equation. Indeed Brandenburg showed that the EP method with
even a small artificial magnetic diffusivity does not converge to a proper so-
lution of hydromagnetic turbulence, in the figure below we reproduce these
results.

Figure 2: Cross-sections of Bz(x, y) for the vector potential method
(A) and the results of using the same (turbulent) velocity field and us-
ing EP, taken from [1]. Yellow shades indicate positive values and blue
shades indicate negative values. Note the absence of any resemblance
between the two fields.

Even in a highly conductive medium magnetic dissipation will act at some
length scale. However due to the ubiquitous presence of turbulence in astro-
physical flows, magnetic dissipation is crucial. Indeed ideal simulations can
give misleading results in the presence of turbulence.

Other techniques involve direct integration of Eq. 1, and then a subsequent
‘cleaning’ of the field to attempt to maintain the solenoidal requirement,
or simply ‘cleaning’ the Lorentz force, J × B, due to a divergent magnetic
field. One would prefer to avoid such schemes from a purely ‘philosophical’
view point, notwithstanding the fact that the field can potentially evolve to
a solution which is not physically realisable.
In this work we introduce a simplified model for the magnetic fields, which
we believe can be easily included into current SPH codes.

Compressible Flux Rope Model

We build upon our earlier work [3], which considered a numerical scheme
to simulate the evolution of magnetic flux tubes in a solenoidal flow. The
magnetic flux is defined as,

Φ =

∫

S
B · dS (3)

If we assume the magnetic field is frozen into the flow then dφ/dt = 0. If B
is the field strength of the flux tube and A is the cross sectional area of the
tube then BA is constant. We then define the length of the tube and its
volume as L and V respectively; clearly BV/L is also constant. Now assume
that the tube is advected by the flow and at some later time its length and
volume are L′ and V ′, and the field strength is B′, where

B′ = B
L′V

LV ′. (4)

Numerically we model the flux tube as a number of segments defined be-
tween points (xi) which we integrate in the flow u, using a 3rd order Adams-
Bashforth scheme. If the separation between any two points is greater than
a threshold value δ, then a new point is introduced using quadratic in-
terpolation; likewise points are removed if the separation is less than δ/2.
Importantly as long as the flux tubes form closed loops then the field will be
divergence free.
As we discussed earlier dissipation is vital to changed the topology of the
field, hence we algorithmically model magnetic reconnections in the model.
If the separation between points (who are not neighbours) is smaller than δ
then we reconnect the tubes, assuming they are not parallel, and any lost
flux tube length is presumed to be dissipated as heat. The reconnection algo-
rithm will only lead to the creation of closed loops and so the divergence free
condition is not affected by the process. See the figure below for schematics
of these algorithms.

Figure 3: Schematics for the insertion of a new particle (left) and
reconnecting different tubes (right).

To account for the change in the magnetic field strength as a segment of
tube moves we must monitor the change in the length and volume of the
segment. The length can easily be calculated by measuring the distance be-
tween points. If we assume that the volume (V) of the tube segment is small
so that,

1

V

DV

Dt
= ∇ · u. (5)

As we are working in the Lagrangian frame we can effectively time-step this
to obtain an estimate for the volume element of the tube segment at the
next time-step, e.g.

V ′ = V(1 + δt∇ · u), (6)

where δt is the time-step. For such a simple scheme we find remarkable agree-
ment between the model and analytic solutions of the induction equation for
simple flows as we shall detail next.

Testing the Model

1. Shear Flow

We consider a two dimensional shear flow with a Gaussian profile,

~u = (ux, 0) , ux = u0e
−y2/2, ∇ · u = 0 (7)

and a flux tube extended across the flow from y = −∞ to +∞. For ν = 0,
Eq. (1) can be solved exactly to yield,

|B| = B0

√

1 + u0y2e−y2t2, (8)

where B0 is the initial field strength. We find excellent agreement between
Eq. (8) and the flux rope (FR) model. In the figure below (right) we plot
|B|, for three fixed values of y, versus time. The comparison is almost exact.
We also plot (left) a snapshot of the numerical solution showing the flux
tube adopts the shape of the flow, colour coding indicating the magnetic
field strength.
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Figure 4: (left) A snapshot of the field from the FR model, colour
coded according to field strength. (right) A comparison of the numeri-
cal solution (solid lines) and the analytic solution for various values of
y.

2. Expanding flux ring

Next we take a radially expanding flow in cylindrical geometry,

~u = (ur, uθ, uz) = (ur, 0, 0) , ur = r, ∇ · u = 2. (9)

The initial field is a flux ring at z = 0, such that B = (0, B0, 0). Again we
solve Eq. (1) (with ν = 0) exactly to give |B| = B0 exp {−t}. Again we
find excellent agreement between the numerical FR model and the analytics,
which we shown in the figure below.

0 0.5 1 1.5
−1.5

−1

−0.5

0

t

B

Figure 5: (left) Snapshots of the expanding flux ring, colour cod-
ing shows the magnetic field strength, note the increasing width of the
tubes is to scale. (right) The agreement between the numerical solution
(solid line) and the analytic solution for the expanding flux ring.

We have also tested various magnetic fields in expanding and contracting
flows in a spherical geometry and consistently find excellent agreement be-
tween th FR model and analytic solutions.

2. ABC Flow

We now consider a more qualitative between the numerical solution to the
FR model and results from the literature. The 111 ABC flow is given by,

u = (cos ky + sin kz, sin kx + cos kz, cos kx + sin ky). (10)

Dynamo action driven by ABC flows has been studied extensively. The mag-
netic structures resulting from seeking a numerical solution to the induction
equation, with u prescribed from Eq. (10), are commonly described as ‘mag-
netic flux cigars’. We find the same structures arise in the FR model. To
make a comparison we visualise both the magnetic flux tubes (below left)
and a smoothed field (below right). The smoothed field B̃(x) is obtained
using Gaussian smoothing,

B̃(x) =
1

2πσ2

∫

V
e−|x−y|2/2σ2

B(y) dy3, (11)

where the smoothing length σ is comparable to the reconnection length δ.

Figure 6: (left) A snapshot of the flux tubes when driven by the ABC
flow, (right) a smoothed field showing the ‘flux cigars’.

The agreement (even on a qualitative level) between the FR model and nu-
merical solution is not found in the EP simulations in [1]. We also note that
the growth rate of the dynamo is 0.17, which is in agreement with numerical
solutions to the induction equation at high magnetic Reynolds number.

To summarise we have introduced an improved particle based Lagrangian
model for the evolution of magnetic fields, confined to thin flux tubes, suit-
able for compressible flows. The model is very much in the spirit of SPH,
but importantly is a divergent free method. A nonlinear extension to the
model has been discussed by Baggaley et al. (Astronomische Nachrichten,
2010), but the Lorentz force can also be computed directly in SPH using the
SPH kernel.
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