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Summary

• Vortex reconnections in fluids and superfluids
• Models: the Gross-Pitaevskii equation and the Biot-Savart law
• Experiments vs models: a puzzle
• Tentative solution of the puzzle



Motivations: flow topology

Taylor-Couette flow between rotating cylinders:
(A.J. Youd & Barenghi, PRE 2005)

Streamlines are pushed together and reconnect,
changing the number of Taylor cells



Motivations: flow topology

Solar loop

Magnetic field lines are pushed inward by the flow,
reconnect and move outward.



Classical vortices

In ordinary viscous fluids, vorticity ω = ∇× v is unconstrained.
Vortices can have any size and strength



Classical vortices

Reconnections are more visible for concentrated vortices:

Trailing vortices: Crow instability ⇒ Kelvin waves ⇒ reconnection

Colliding vortex rings, Lim & Nickels, Nature 1992



Classical vortices

• Inviscid fluid:

∂v

∂t
+ v · ∇v = −1

ρ
∇p (Euler)

H =

∫
V
ω · vdV (helicity)

dH/dt = 0, H ∝ linking number ⇒ no reconnections

• Viscous fluid:

∂v

∂t
+ v · ∇v = −1

ρ
∇p + ν∇2v (Navier− Stokes)

Reconnections involve dissipation of kinetic energy



Classical vortices
Direct numerical simulations of Navier-Stokes:
Fohl & Turner 1975, Pumir & Kerr 1987, Ashurst & Meiron 1987
Chatelain, Kivotides & Leonard 2003, Kida & Takaoka 1994

Note the bridges

δ(t) = vortex separation
δ(t) ∼ (t0 − t)3/4 before
δ(t) ∼ (t − t0)2 after

Hussain & Duraisamy 2011



Classical vortices

Kerr 2012

Note secondary reconnections and spiral structure



Significance of reconnections

In ordinary viscous fluids, vortex reconnections:

• require energy dissipation (viscosity, magnetic diffusivity)

• randomize velocity field, enhance mixing

• induce secondary reconnections, hence vortex stretching,
smaller and smaller scales, and (it is argued)
the Kolmogorov energy spectrum E (k) ∼ k−5/3

of turbulent flows (spiral vortex model of Lundgren).

In perfect fluids (inviscid Euler fluids, ideal plasmas),
reconnections are not possible (the topology is frozen).

Reconnections are candidates for finite-time singularities
(1,000,000 dollar prize set by the Clay Mathematics Institute)



Quantum vortices

There is a context where reconnections are (in principle) simpler:
quantum fluids (superfluid helium, Bose-Einstein condensates)

• Macroscopic wavefunction Ψ = |Ψ |e iφ ⇒ velocity v ∼ ∇φ

• Quantum vortex is a small hole of radius ξ ≈ 10−8 cm in 4He
around which the phase changes by 2π

• Quantum of circulation
(Onsager 1948, Vinen 1961)∮

C
v · dr =

h

m
= κ



Observations of individual quantum vortices

vortex lattice in
rotating helium

(Maryland) (MIT)

(Berkeley)



Quantum turbulence

Turbulent tangle of vortex lines



The Gross-Pitaevskii Equation model

i~
∂Ψ

∂t
= − ~2

2m
∇2Ψ + gΨ |Ψ |2 − µΨ (GPE)

• Density ρ = |Ψ |2, Velocity v = (~/m)∇φ

∂ρ

∂t
+∇ · (ρv) = 0 (Continuity)

ρ

(
∂vj
∂t

+ vk
∂vj
∂xk

)
= − ∂p

∂xj
+
∂Σjk

∂xk
(almost Euler)

• Pressure p =
g

2m2
ρ2, Quantum stress Σjk =

(
~

2m

)2

ρ
∂2 ln ρ

∂xj∂xk
• At length scales larger than ξ = (~2/mµ)1/2

neglect Σjk and recover compressible Euler
• Σjk is responsible for vortex reconnections



The Vortex Filament Model

• Neglect density variations and GPE reduces to
incompressible Euler.

• Concentrate vorticity into thin filaments and incompressible
Euler reduces to Biot-Savart law for space curves s(t):

ds

dt
=

κ

4π

∮
(z− s)× dz

|z− s|3

• Reconnections must be
performed algorithmically
(Schwarz PRB 1988,
Baggaley JLTP 2012)



Quantum vortex reconnections

Feynman 1955
Consider a large distorted ring vortex (a). If, in a place, two
oppositely directed sections of line approach closely, the situation is
unstable, and the lines twist about each other in a complicated
fashion, eventually coming very close, in places within an atomic
spacing. Consider two such lines (b). With a small rearrangement,
the lines (which are under tension) may snap together and join
connections in a new way to form two loops (c). Energy released
this way goes into further twisting and winding of the new loops.
This continue until the single loop has become chopped into a very
large number of small loops (d)



Quantum vortex reconnections
GPE reconnection of a vortex ring with a vortex line

Youd



Quantum vortex reconnections

• Koplik & Levine, PRL 1993: first GPE reconnection

• Aarts & De Waele 1994:
there is a universal cusp

• Tebbs, Youd & Barenghi 2011:
cusp is not universal

• Nazarenko & West 2003:
analytic



Quantum vortex reconnections

• Alamri, Youd, & Barenghi, PRL 2008
GPE reconnection of vortex bundles:
bridge, Kelvin waves and rings



Cascade of vortex rings scenario

• Kerr, PRL 2011
secondary emission

of vortex rings

• Kursa, Bajer, & Lipniacki

PRB 2011
rings appear

only if angle θ ≈ π



Cascade of vortex rings scenario
If the vortex rings scenario depends on the angle, which angle θ
occurs more frequently in a turbulent tangle ?

• Black:
-”organised” turbulence,
-most energy at large scales
(Kolmogorov spectrum),

-coherent vortex structures

• Red:
”random” turbulence,
-most energy at mesoscales,
-spatially featureless

Sherwin, Baggaley,
Barenghi, & Sergeev

PRB 2012



Kelvin waves

• Quantised vortices
reconnect, creating
pronounced cusps.

• Also the interaction of
vortices can lead to
perturbations along the
vortices,

• these propagate as Kelvin
waves.

• Nonlinear (3 wave)
interactions lead to the
creation of smaller scales.

• At high k energy dissipated
as phonon (sound) emission.

Kivotedes et al. [2003]



Observation of quantum vortex reconnections

• Bewley, Lathrop, & Sreenivasan (Nature 2006)
Direct visualization of quantum vortices solid hydrogen tracers
(R ≈ 1 µm)

Vortex array in
rotating helium Tracers trapped in a

quantum vortex line

Side view
visualization of the

vortex array



Observation of quantum vortex reconnections

• Bewley, Paoletti, Sreenivasan, & Lathrop 2008
Direct observation of quantum vortex reconnections

δ(t) ∼ (t0 − t)1/2 before
δ(t) ∼ (t − t0)1/2 after



Quantum vortex reconnections

Zuccher, Caliari, Baggaley, & Barenghi, PoF 2012



Puzzle

GPE reconnections:
δ(t) ∼ (t0 − t)0.39 before, δ(t) ∼ (t − t0)0.68 after

Biot-Savart reconnections:
δ(t) ∼ |t0 − t|1/2 before and after

• Why the difference between GPE and Biot-Savart reconnections ?
• Why the difference between GPE and Maryland experiments ?

Zuccher, Caliari, Baggaley, & Barenghi, PoF 2012



Sound emission

Sound pulse emitted at reconnection event

Leabeater, Adams, Samuels, &
Barenghi, PRL 2001 Zuccher, Caliari, Baggaley, &

Barenghi, PoF 2012



Possible explanation of the puzzle

GPE, Biot-Savart and experiments probe different length scales r :

• discretization of GPE: ∆x < ξ
• vortex core: ξ ≈ 10−8 cm
• tracer particle: R ≈ 10−4 cm
• discretization of Biot-Savart:

δ ≈ R
• vortex distance ` ≈ 10−2 cm

• tracers probe scales R < r < `
• Biot-Savart probes scales r > δ ≈ R
• GPE probes scales r ≥ ξ (sound pulse ≥ ξ)



Conclusions

• Importance of vortex reconnections

• Analogies between classical and quantum reconnections:
bridges, time asymmetry

• Individual quantum reconnections have been observed

• Cascade of vortex rings scenario (?)

• Time asymmetry related to acoustic emission (?)

• Experiments vs GPE vs Biot-Savart (?)


