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Abstract We investigate quantum vortex ring dynamics at scales smaller than the
inter-vortex spacing in quantum turbulence. Through geometrical arguments and
high-resolution numerical simulations, we examine the validity of simple estimates
for the mean free path and the structure of vortex rings post-reconnection. We
find that a large proportion of vortex rings remain coherent objects where approx-
imately 75 % of their energy is preserved. This leads us to consider the effectiveness
of energy transport in turbulent tangles. Moreover, we show that in low density
tangles, appropriate for the ultra-quantum regime, ring emission cannot be ruled
out as an important mechanism for energy dissipation. However at higher vortex
line densities, typically associated with the quasi-classical regime, loop emission is
expected to make a negligible contribution to energy dissipation, even allowing for
the fact that our work shows rings can survive multiple reconnection events. Hence
the Kelvin wave cascade seems the most plausible mechanism leading to energy
dissipation.
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1 Introduction

The study of vortex rings is an old one, dating back at least to the 1850s [1]; despite
a long history, they still provide a very active area of fluid dynamics research [2,3].
One system which provides the ideal playground to investigate the dynamics of vortex
rings is those of quantum fluids such as superfluid helium and atomic Bose—Einstein
condensates. The reasons are twofold; firstly quantized vortices are stable topological
defects, with a fixed circulation and secondly, particularly in superfluid helium, the
vortex core size is typically orders of magnitude smaller than the radius of the vortex
ring [4]. This is in stark contrast to vortex rings in classical fluids where both viscous
dissipation and instabilities due to their (relatively) thick cores severely constrain the
lifetime of even an isolated ring. Another active field of research in quantum fluids
is that of quantum turbulence [5], where vortex rings offer an ideal experimental tool
to both generate [6,7] and probe [7] the complex fluid motion. Moreover, recently a
great deal of attention has focused on the role that vortex rings may play in the decay
of quantum turbulence [8,9].

Svistunov [10] suggested that a reconnection between two almost anti-parallel vor-
tices can lead to the emission of a series of vortex rings through self-reconnections
of the vortex lines. Indeed, subsequent numerical simulations performed by both
Kerr [11] and Kursa et al. [12] have confirmed this scenario. With this in mind, it
is plausible to think [9] that this mechanism may provide an alternative route for
energy dissipation other than a Kelvin wave cascade [13—15]. So far, numerical evi-
dence suggests that reconnections between almost anti-parallel vortex reconnections
dominate in tangles that contain no large-scale vortex bundles [16], albeit with angles
far higher than the critical angle derived by Svistunov [10]. Further numerical studies
by Kondaurova and Nemirovskii [8] have also highlighted the possible importance
of vortex ring emission in the decay of the random, unstructured, Vinen tangles also
known as the ultra-quantum regime.

In contrast, for the case of the much studied quasi-classical Kolmogorov picture of
homogeneous and isotropic quantum turbulence (at 0 K), vortex ring emission is not
expected to be as important [17]. Here energy is injected into the fluid at large scales
(scales greater than the typical vortex separation) and locally cascades in a Richardson
like manner through scales by the breakup of polarized vortex bundles [18]. This
process is consistent until energy reaches the typical scale of the inter-vortex spacing
£, where the notion of a vortex bundle breaks down. At this scale, energy still cannot
be dissipated, and must be transfered to even smaller scales. This superfluid cross-over
mechanism is still somewhat unknown [19,20], but vortex reconnections are thought
to play an essential role. The general consensus is that energy eventually appears
in the form of small-scale helical waves, known as Kelvin waves, that propagate
along quantized vortex lines. These waves weakly interact to excite even smaller scale
waves until reaching frequencies capable of exciting phonons that dissipate energy as
heat.

It is typical (and appealing) to apply simple geometrical arguments to investigate
the importance of vortex ring emission in the decay of quantum turbulence, see for
example arguments concerning the ‘opaqueness’ of a tangle in [12]. For instance,
if we take a tangle of quantized vortices of total length A, confined within a vol-
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ume V then we can define the vortex line density as L = A/V. If a single-vortex
ring is created (through a vortex reconnection for example) with radius r, then the
probability per unit time that the ring will meet, and hence reconnect, with a vor-
tex line is 27 Lvying, Where vying is the velocity of the vortex ring. If one considers
a circular vortex ring without Kelvin wave distortions and neglects the influence
of other vortices by only considering the self-induced motion of the vortex ring,
which is perhaps justified for radii smaller than the mean inter-vortex spacing ¢
and larger than the vortex core radius, then the speed of a quantized vortex ring
is given by

R A !
Urlng—4nr[n(r/a)_a]’ (D

where a is the core radius (¢ ~ 1078 cm for superfluid *He), I" is the quantum of
circulation (I" = 9.97 x 10~* cm /s for superfluid 4He) and « is an order one constant
that depends on the assumed vortex core structure [4].

From Eq. (1), one can estimate the mean free path (d) of a vortex ring of radius r
in a vortex tangle of vortex line density L as

(d) = 5—. @)

The mean free path estimate has been used to both interpret experimental results
[21] and determine theoretically the importance of ring emission to the decay of
quantum turbulence [12]. However, as far as the current authors are aware, the mean
free path estimate (2) has never been under scrutiny itself. Indeed, there are a number of
reasons one may question the validity of Eq. (2). Firstly, nonlocal interactions between
the vortex ring and the vortex tangle may substantially change the dynamics of the
ring; for example, an approaching ring could be deflected around vortex lines before
reconnection. Secondly, the vortex ring could reconnect with a part of the tangle,
but leave a considerable part of the ring free to propagate further. Or thirdly, even if
the vortex ring is fully absorbed back into the tangle, one could imagine that large
amplitude Kelvin waves would be generated triggering self-reconnections and further
vortex ring emissions [22].

Our main motivation is to study the mean free path estimate of Eq. (2) in detail
and to test it numerically. In addition, we also examine some of the possible sce-
narios outlined in the previous paragraph to delve deeper into quantum vortex ring
dynamics.

The structure of the paper is as follows: In Sect. 2 we detail the numerical strategy
for all the simulations, followed by the examination of the validity of the mean free
path estimate in Sect. 3. In Sect. 4, we consider an idealized ring-line reconnection
and derive predictions for the post-reconnection structure of a ring based on a sim-
ple geometric argument, before numerically studying ring generation in a turbulent
tangle in Sect. 5. Finally, in Sect 6, we bring all the results of the previous sections
together to discuss energy transport by vortex rings in typical experimental setups
before concluding in Sect. 7.
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2 Numerical Techniques

The vortex filament method of Schwarz [23] models quantum turbulence by approx-
imating quantized vortex lines as 1D space curves s = s(&, t) where £ is arc length
and ¢ is time. At zero temperature, where mutual friction effects are absent and in
the regime where there is no external superfluid flow, the dynamics of the quantized
vortex lines are determined by the Biot—Savart law

ds — r r—s « dr. (3)
dt 47 Jo |r—sP

Here, we use parameters that correspond to pure superfluid “He: circulation I =
9.97 x 10~* cmz/s and a vortex core radius @ = 1 x 10~8 ¢m, but our results can be
generalized to turbulence in low temperature >He-B.

The line integral in Eq. (3) extends over the entire vortex configuration .#’, which
is discretized into a large number of points s; where i = 1, ..., N. The Biot—Savart
law (3) contains a singularity when r = s, which we regularize in a standard way
by considering the local and non-local contributions to the integral separately. Conse-
quently, if we denote the position of the i discretization point as s; along the vortex
line, then Eq. (3) becomes

ao

ds; I (VG r —s
S ln( ”H)s’-xs;’—i——?{ s gr, )
4 J o

dr _47'[ ! /|r—si|3
Here ¢; and ¢;4; are the arc lengths of the curve between points s;_; and s; and
between s; and s; 1, respectively, and .Z” represents the remaining (nonlocal) vortex

tangle.
The precise details of the techniques on how we discretize the vortex lines into a
variable number of points s; where,i = 1, ..., N held at minimum separation distance

of A& /2 are described in [24], whilst information on how we implement the artificial
vortex reconnections is found in [25]. All spatial derivatives are calculated using a
fourth-order finite difference scheme, and time-stepping is achieved with a third-order
Runge—Kutta method.

If one neglects the nonlocal integral of Eq. (4), then the velocity of a vortex point
is induced solely by the neighbouring vortex line segments and the model is known as
the local induction approximation (LIA). LIA has been used in several works [26,27]
due to its vastly superior computational efficiency to the full Biot—Savart law (3).
That said, it has been shown [28] to fail in reproducing the correct physics in many
situations and should be used with care.

3 Vortex Ring Propagation Through a Tangle
To begin, we wish to investigate the validity of the mean free path estimate of Eq. (2).

One may expect that the distribution of the vortex ring propagation distance before
reconnection to be exponentially distributed if nonlocal effects are small. With this in
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mind, given the prior estimate of the mean free path of the vortex ring Eq. (2), and
assuming an exponential distribution, the probability of the vortex ring to propagate a
distance W within the tangle is given by

P(d=W)=2rLexp(—2rLW), )

where we have used the formula for the mean free path (2). A more natural and
convenient reformulation of Eq. (5) is in the cumulative probability distribution of
observing a vortex ring of radius r successfully navigating a tangle of width W and
density L without reconnecting. This probability can be found from Eq. (5) by

Pd> W)= /00 P(d)dd" =exp(=2rLW). (6)
w

Note, that the cumulative probability (6) neglects the temporal dynamics of the vortex
tangle as the vortex ring propagates. If fact, if we take into account this diffusion the
result will not change as the spread of the tangle is compensated by the reduced vortex
line density.

To check the hypothesis that the free path is exponentially distributed, we perform a
numerical experiment to measure the cumulative probability density function (6). We
begin by creating a random tangle at the centre of the numerical box. To do this, we
initialize the numerical simulation with a large number of randomly oriented vortex
rings, uniformly distributed in a small strip in the xy-plane of the numerical box
around the origin with a width in z is 1 x 10~! cm. The system is time evolved using
the Biot—Savart law for a sufficient period until the mean curvature is saturated and
measures of the relative (by length) anisotropy of the tangle are statistically equal.
Fig. 1 displays the resulting vortex tangle. The tangle contains a total vortex line
length of A = 35.4 cm inside a volume of V = 0.6 x 1 x 1 cm?, giving a vortex line
density of L = A/V = 5.88 x 10! cm™2. The width of the tangle in the z-direction
is W~ 0.6 cm.

In order to compute the cumulative probability (6), we perform a series of simula-
tions using both the Biot—Savart law and the LIA, where we propagate vortex rings
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Fig. 1 Image of the vortex tangle created at the centre of the numerical box across the xy-plane. View of
the tangle along the z-plane (left) and along the x-plane (right)
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Fig. 2 Cumulative probability of a vortex ring of radius r transversing a random vortex tangle with initial
widthd W = 0.6 cm without experiencing a vortex reconnection. The numerical data for the Biot—Savart law
(blue circles) and LIA (red squares) are plotted for four vortex ring radii of r = 9 x 1073,1.8x1072,3.6 x
1072 and 5.4 x 10~2 cm. The solid black curve is the theoretical prediction Eq. (6) which underestimates

the numerical data. Theblue-dashedand red-dotted curves are exponential fits P = exp(—crLW) with
¢ = 1.14 and 1.50 to the Biot—Savart and LIA data, respectively (Color figure online)

of three different radii across the vortex tangle in the z-direction. In total, we perform
a total of 800 simulations for four different radii of vortex rings r = 9.0 x 1073,
1.8 x 1072,3.6 x 1072, and 5.4 x 102 cm. The vortex tangle configuration displayed
in Fig. 1 is used as the initial condition with the injection of a single-vortex ring of
radius r, randomly positioned in the xy-plane at the edge of the box z = —%/2,
oriented such that the vortex ring propagates towards the vortex tangle. Each ring is
tracked and if the initial ring reaches the opposite end of the box at x = Z/2 without
undergoing a vortex reconnection then the ring is deemed to have propagated success-
fully through the vortex tangle. The spatial resolution used for these numerical runs
is A€ =5 x 1073 cm with a timestep of At =1 x 107%s.

Figure 2 shows the numerically obtained probabilities from our simulations using
the Biot—Savart law and the LIA, and compares to the theoretical prediction of Eq. (6)
derived based on exponentially distributed reconnections and the mean free path
estimate (2). We observe that both LIA and the Biot—Savart simulations lead to proba-
bilities higher than those of the theoretical estimate. On a general basis, we expect that
LIA would yield probabilities more in line with the theory as nonlocal interactions
between the ring and tangle are neglected. Although LIA produces probabilities closer
to the theory there is still some discrepancy. The blue-dashed and red- dotted curves
indicate numerical fits by method of least squares to an exponential distribution for
both the Biot—Savart and LIA data, respectively. Interestingly, the LIA data fits the
exponential distribution incredibly well, with a fitting that implies a mean free path
of (d) = 2/3rL, 33 % larger than Eq. (2). It is unclear if this exact prefactor is mere
coincidence or if this indicates that the mean free path is underestimated. Furthermore,
Fig. 2 shows that the Biot—Savart model leads to an increase in success of transversing
the vortex tangle without reconnection with an exponential distribution with mean
(d) = 1/1.14r L. Consequently, we can surmise that nonlocal effects must be respon-
sible for an increased avoidance of the vortex ring to reconnect with the tangle. This
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implies that reconnections between individual vortex rings and vortex tangles may be
less common than previously thought.

Finally, we measure the total number of rings that propagate through the tangle,
despite undergoing one, or perhaps multiple reconnections; these data are plotted in
Fig. 3. We observe that there is still significant probability of a vortex ring being com-
pletely absorbed. However, numerical constraints limit the smallest ring radius we
can resolve, and so it is very likely that, in reality, many more rings would propagate
through the tangle. That being said, the fact that vortex rings can emerge as coher-
ent objects after a reconnection means that significantly more energy can propagate
through the tangle than one may naively expect based on the mean free path.

4 Vortex Ring-Line Reconnection

After considering the probability of a vortex ring reconnecting inside a vortex tangle,
we now consider the reconnection behaviour between a vortex ring and vortex line.
In this section, we will outline a simple geometric argument to estimate the post-
reconnection structure of a vortex ring and compare to numerical data.

Consider a single-vortex ring of radius r propagating towards a vortex line, as
depicted in Fig. 4. We define the impact factor ¢ as the distance between the centre of
the vortex ring and the axis of the vortex line. In such a setup, the ring will propagate
towards the vortex line and reconnect. By assuming an ideal reconnection, as depicted
in Fig. 4, then we can compute the post-reconnection circumference C of the surviving
vortex ring as

1/2 q
C(g)=2 (r2 - qz) + 2r arccos (—) , @)

r

where the impact factor g € [—r, r].

If we further assume that the distribution of impact factors are uniform, as one
may expect in a isotropic tangle, then we can calculate the expected value of the post-
reconnection vortex ring circumference by integrating C(g) over g € [—r,r] and
dividing by 2r:

@ Springer



102 J Low Temp Phys (2015) 180:95-108

q<0

qg>0

Fig.4 Schematic to show head on reconnection between a vortex ring (blue) and a vortex line (red) depends
on the orientation (Color figure online)
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Subsequently, we can compute the expected radius of the vortex ring after reconnection
by dividing the average circumference (8) by 27x:

(C)  3r
<rpost) = g = Z 9)

We remark that this geometric picture can provide a plausible explanation for an
interesting feature noticed in the recent experimental study of Walmsley et al. [21],
where they measured the time of flight of charged vortex rings propagating through
a quantized vortex tangle. They discovered that some vortex rings were found to
propagate through the system far faster than one would expect based on their initial
radius. The explanation of Walmsley et al. was that reconnections could produce
quantized vortex rings with a very small radius, orders of magnitude smaller than the
initial injected ring, resulting in faster velocities as indicated by Eq. (1). In our simple
geometric picture, such tiny vortex rings are created when the impact factor is large
q>~r.

To test our prediction (7), and hence Eq. (8), we perform a set of numerical sim-
ulations of vortex-line reconnections across a range of impact factors ¢ € [—r, r].
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Fig. 5 Initial (left) and final I
(right) state of vortex-line
reconnection between a vortex
ring (red) and vortex line
(black) with ¢ = 0. Notice the
exchange of vortex line
segments between the ring and <> G
the line post-reconnection

(Color figure online)

Fig. 6 Normalized 1 eee . .
circumference C(q)/2nr Simulations e
against normalized impact factor Theory
q/r for a post-reconnection 0.8 r
vortex ring. Blue circles indicate
numerical data of the mean Ntt 0.6 +
circumference of the -~
post-reconnection vortex ring. g: 04 L
Solid black curve is the
theoretical estimate from Eq. (7)
(Color figure online) 0.2 ¢
0 : °
-1 -0.5 0 0.5 1
a/r

Numerically, we take a point separation of A& = 1 x 1073 cm and use a timestep of
At = 2.5 x 1077 s. The initial vortex ring has a radius of » = 1/47 ~ 8.0 x 1072 cm
(initially discretized into 500 vortex segments) with a straight vortex line located in the
centre of the box. We vary the initial position of the vortex ring in order to cover a range
of impact parameters g. After reconnection, we allow the vortex ring to propagate until
it reaches the edge of the numerical domain before computing its post-reconnection
circumference. Figure 5 shows the initial and final states of one of the simulations
where ¢ = 0.

Figure 6 displays the numerical data for the post-reconnection vortex ring circum-
ferences and compares to the theoretical prediction given by Eq. (7). For our setup,
we observe very good agreement between the numerical data and the theory. There is
a slight discrepancy at large g which is probably associated with limited resolution.
To further filter out fluctuations, we integrate across the data to get an estimate for the
mean circumference of the post-reconnection ring (Cpym) = 3.6 X 107! ¢m which is
remarkably close to the prediction given by Eq. (8): (C) = 3r/4 = 3.75 x 10~ cm.

From the numerical data, we can conclude that on the whole, quantized vortex rings
are very robust structures that seem to reconnect in almost an ideal manner. Moreover,
they will preserve a majority (75 %) of their vortex line length after reconnection. It
stands to assume that vortex rings have the potential to endure multiple sequential
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vortex reconnections and still transport a substantial fraction of their original energy
to the boundaries. Further comment on this point will be made in Sect. 6.

5 Vortex Ring Radii in a Random Tangle

So far in this article, we have discussed aspects of quantum vortex dynamics involv-
ing expected propagation distances and post-reconnection structure. However, if one
wishes to understand the role of vortex rings in quantum turbulence tangles, one must
understand the typical scale at which vortex rings are generated. From the previous
section, we discussed a possible mechanism for generating sequentially smaller and
smaller vortex rings from an initial size. However, turbulent fluid motion will produce
vortex rings at a typical scale associated to the structure of the vortex tangle. There
are many different quantum turbulence tangle structures that can be produced either
through superfluid counterflow or large-scale excitations of the flow, both of which
will likely affect vortex ring production.

For isotropic and homogeneous random tangles, Kozik and Svistunov [17] sug-
gested that the scale at which vortex rings will be created through self-reconnection
of the vortex lines will be of the order

r* ~¢/[In/a)]"/?, (10)

where ¢ = L~1/2 is the inter-vortex scale, and a is the vortex core radius.

We numerically check this hypothesis by creating a spherical vortex tangle created
by placing 50 vortex rings of radius » = 8.0 x 10™2 cm, randomly distributed and
orientated in a sphere of radius 1 x 10~!cm located in the centre of an open numerical
box, see Fig. 7. The resulting vortex line density inside the sphere is L = 5.97 x
10° cm™2. We evolve the system for a short period of time until the mean curvature
is saturated and measure the radial distribution of the emitted vortex rings from the
spherical tangle. The fact that the tangle occupies a small volume at the centre of
the domain leads us to conclude that the measured rings will not have undergone a
significant amount of reconnections after generation.

The radial distribution of the emitted vortex rings is shown in Fig. 8. We observe
a very skewed distribution that has a mean value of (r) = 1.4 x 10~2 cm. However,
as indicated by the vertical black dashed line, the estimate of Kozik and Svistunov,
r* = 3.45 x 1073 cm, is remarkably close to that of the modal vortex ring radius
of (F)mode = 3.34 x 1073 cm. Note that the numerical resolution of this simulation
is 2 x 10~* cm, an order of magnitude smaller than the most common emitted ring
radius. Moreover, it should be emphasized the significance difference to the radius of
initial vortex rings used in constructing the initial tangle.

The numerical evidence seems to concur with the theoretical estimate of Eq. (10).
Thus one can imagine that quantum turbulence will create vortex rings roughly at
a scale given by (10), which then go and propagate further inside the tangle. It is
reasonable to assume that if the tangle is large and dense enough, these vortex rings
will likely collide with other filaments and transfer energy and line length throughout

@ Springer



J Low Temp Phys (2015) 180:95-108 105

Fig. 7 Snapshot of the
randomized tangle. Individual
vortex rings are displayed in

different colours (Color figure
online)
Fig. 8 Kernel density 103 ‘ ‘ ‘
estimation of the probability 7~ 0/[In(l/a)]/? -
distribution of vortex ring radius M
: 2 ean
in the random tangle presented 107 + 1
in Fig. 7. The black dashed line \ Mode ---
indicates Kozik and —~ 10! L J
Svistunov’s [17] predicted =
radius 7 ~ ¢/ [In (¢/a)]/? = 5
3.45 x 1073 cm (Color figure & 10° E
online)
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the tangle. In the following section, we try and give a quantitative estimate for this for
a typical experimental apparatus.

6 Energy Transport or Energy Dissipation?

Given that the energy of a vortex ring is proportional to its radius E o< r, we can
attempt to use the numerical results discussed so far to estimate the potential energy
transfer to an experimental boundary by a vortex ring. Using Formula (2) as a measure
of the expected distance a vortex ring will travel before undergoing a reconnection
and assuming that upon reconnection the radius of the vortex ring shrinks, on average
by a factor of 3/4 (Eq. 9) we can expect that after n reconnections, a vortex ring have

travelled on average a distance
1 < (4
d)y = — =] . 11
) 2Lr (3) an
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Moreover, one may alternatively ask what is the expected number of reconnections a
vortex ring will experience when travelling a distance d? Using some straightforward
mathematics and the previous formula, the number of reconnections is given by

(12)

n(d) = Lln(l +2er/3)J 1

In (4/3)

where |-| represents the lowest integer part. Indeed, using Formulas (11) and (12)
we can estimate the expected amount of energy to reach a boundary in a typical
experimental apparatus for quantum turbulence. As the energy of a vortex ring is
proportional to its radius then after n reconnections the vortex ring will contain a
factor of (3/4)" of its original energy.

For simplicity, let us assume that we are in a 1D domain (length 2) and that a vortex
ring is equally likely to be produced anywhere along the domain with orientated in
either direction. Then we can calculate the expected energy contained in a vortex ring
to reach the boundary to be

(E) = Eo /@/2 3 n(x+@/2)+ 3 n(@/fo)d 0%
~7) \a 4 *

Typical values of a quantum vortex tangle in an experimental configuration, such
as those of the Manchester experimental setup [7], where the experimental cell is
a cube with sides of length ¥ = 4.5 cm and with a vortex line density of L ~
1 x 103 cm (appropriate for the ultra-quantum regime). Then using the results of
Sect. 5 by supposing that the typical vortex ring is created with a radius given by the
prediction of Eq. (10): 7 ~ 2 x 1073 cm, we can expect that on average the energy
still remaining in the vortex ring when it approaches a wall will be (E) >~ 0.48E), i.e.
roughly 50 % of the energy of the initial ring. However if we consider a line density
of L ~ 1 x 10 cm (appropriate for the quasi-classical regime) this estimate drops
to around 3 %. One should bear in mind that these estimates do not take into account
a ring being fully absorbed after a reconnection due to more a more complex tangle
geometry. Moreover, it is also important to emphasize that it is unclear whether vortex
rings lead to energy dissipation at the boundary or if energy is somehow reflected back
towards the tangle.

To summarize our views on energy transport or dissipation, it seems clear that
in the ultra-quantum regime ring emission is a plausible and potentially significant
energy sink. However, at larger vortex line densities, where quasi-classical behaviour
(including agreement with Kolmogorov theory) is seen, dissipation due to Kelvin
waves remains the most compelling argument. Indeed even ignoring the fact that
the majority of energy is absorbed back into the quasi-classical tangle, the works of
Svistunov [10], Kerr [11] and Kursa et al. [12] shows that vortex ring formation through
reconnections is strongly dependent on large angle vortex reconnections, where the
vortices are close to being anti-parallel. These types of reconnections are particularly
dominant in the ultra-quantum (Vinen and Counterflow) tangles as opposed to quasi-
Kolmogorov tangles as noted by our recent work [16,29].
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7 Conclusions

To conclude, we have investigated the propagation of vortex rings through a tangle of
quantized vortex lines. Our goal was to assess if the estimate of the mean free path of
a quantized vortex ring propagating in a random tangle gives a representative picture
of the ring dynamics.

We have showed that the mean free path estimate for a vortex ring (d) = 1/2rL
underestimates the distance a ring can propagate before reconnecting with the tan-
gle. This is particular noticeable in the Biot—Savart simulations, and must be due to
nonlocal interactions between the ring and the tangle. Moreover, we have also shown,
through a combination of simple geometrical arguments and high-resolution numer-
ical simulations that even after a reconnection with a straight vortex line, the vortex
ring remains a coherent ring, post-reconnection, with approximately 75 % of its orig-
inal energy. Using this and data from a recent experiment [7] we compute estimates
indicating that vortex ring emission could lead to approximately half of the vortex
ring energy being transported at the boundaries in the ultra-quantum regime. Similar
estimates for the quasi-classical (polarized) tangle shows only around 3 % of energy
in vortex rings is transported to the boundaries. It is still unclear how much energy
from a quantum tangle is converted into small vortex ring emissions and so would be
an ideal subject for future works. However, we expect that this is more likely in ultra-
quantum tangles which have been shown to include more anti-parallel reconnections.
With this in mind, we expect that for quasi-Kolmogorov tangles dissipation due to
high frequency Kelvin waves remains the most appealing hypothesis.

Finally, we note that much of our analysis is based upon a vortex ring reconnection
head on with a straight vortex line. Therefore, further analysis is required to understand
the dynamics the vortex rings colliding with tilted vortex lines and other vortex rings.
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