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Abstract

We develop a new model of the fluctuation dynamo in which the magnetic field is

confined to thin flux ropes advected by a multi-scale flow which models turbulence.

Magnetic dissipation occurs only via reconnections of flux ropes. The model is par-

ticularly suitable for rarefied plasmas, such as the Solar corona or galactic halos. We

investigate the kinetic energy release into heat, mediated by dynamo action, both in

our model and by solving the induction equation with the same flow. We find that

the flux rope dynamo is more than an order of magnitude more efficient at converting

mechanical energy into heat. The probability density of the magnetic energy released

during reconnections has a power-law form with the slope −3, consistent with the So-

lar corona heating by nanoflares. We also present a nonlinear extension of the model.

This shows that a plausible saturation mechanism of the fluctuation dynamo is the

suppression of turbulent magnetic diffusivity, due to suppression of random stretching

at the location of the flux ropes. We confirm that the probability distribution function

of the magnetic line curvature has a power-law form suggested by Schekochihin et al.

[2002c]. We argue, however, using our results, that this does not imply a persistent

folded structure of magnetic field, at least in the nonlinear stage.
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Chapter 1

Introduction

In this thesis we introduce a new way of numerically modelling the evolution of a

magnetic field, by considering the field to be concentrated in thin flux tubes. In order

to undertake this study, a knowledge of hydrodynamics, and magnetohydrodynamics

is required. The purpose of this chapter is to provide an introduction to the terms and

concepts that form the foundation of the subsequent thesis. In §1.1 we provide a brief

introduction to the theory of turbulence, focusing on the characteristics of turbulence,

and some of the major results in the field. Since the major topic of this thesis is dynamo

theory, the second part of this introductory chapter focuses on the underlying equations

of magnetohydrodynamics (§1.2). We conclude the chapter with a brief introduction

to magnetic reconnection (§1.3).

1.1 Turbulence

“When I meet God, I am going to ask him two questions: Why relativity? And why

turbulence? I really believe he will have an answer for the first” Werner Heisenberg

When introducing a new concept, one of the most important things is to provide a

clear, accurate and succinct definition. One can expect a problem to be very difficult

if even providing a definition is both difficult and can spark controversy! What makes

the problem worse, but all the more fascinating, is that turbulence is all around us, and

can readily be observed. Imagine how the early morning cup of coffee would be without

it. If it weren’t for the effects of turbulence, mixing milk and coffee would become a

very tricky process. Instead of stirring it with the spoon once and then waiting for

turbulence do the rest of the work, we would have to repeat the process many times

until the milk is evenly folded throughout the cup! Of course, there is the alternative

of not touching the cup for some time and letting molecular diffusion do the work,
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Chapter 1. Introduction

however your coffee would most certainly be cold and bitter1!

The majority of fluid flows in the universe are turbulent. Examples range from the

circulatory and respiratory systems of living creatures to geophysical and astrophysical

phenomena including planetary interiors, oceans and atmospheres, and stellar physics.

The study of galactic and even supergalactic scales is unrealistic without considering

the effects of turbulence. Indeed we should not just be thankful that turbulence allows

us to enjoy a morning coffee, as current research shows that turbulence played an

important role in the formation of the universe we exist in!

Due to the ubiquitous nature of turbulence humans are very good at making use

of the properties of turbulence, even if the full scientific knowledge is lacking. Golf

ball designers in the early 20th century may not have been aware of the Navier-Stokes

equation, but were certainly experienced with fluid dynamics! They noticed that a

damaged ball, covered in pock marks and scratches went further off the club than a

new ball. The scratches on the ball were actually delaying separation of the boundary

layer from the ball. Early separation, as seen on a smooth ball, causes significant wake

turbulence, the principal cause of drag. Designers found that by artificially dimpling

the surface of the ball it would travel a much further distance. We now know that

the separation delay caused by the dimples reduces the wake turbulence, and hence

the drag, allowing the ball to fly further. A similar explanation explains why a cricket

ball begins to swing as it ages, and why unscrupulous bowlers have used bottle tops to

mark the surface of a ball to enhance the effect.

Probably the first person to study turbulence in a scientific sense was the great

Italian polymath Leonardo Da Vinci. 2 About 500 years ago Leonardo Da Vinci

observed a turbulent flow of water and drew a sketch reproduced here, in Fig.1.1,

showing that turbulence is comprised of vortices. He gave this particular phenomenon

a name ‘turbulenza’, which of course is the origin of our modern term. Along with the

sketch he also provided a remarkable description, alluding to the advection of eddies

in the flow, ironically something absent from the model we introduce later!

...the smallest eddies are almost numberless, and large things are rotated only by large

eddies and not by small ones, and small things are turned by small eddies and large.

In the future, one would imagine theses will be presented on some form of electronic

paper, in which one can embed movies. This will certainly aid an introductory chapter

such as this, as a video of the flow over a weir could be included. Until then we shall

have to make do with the famous sketch by Da Vinci, in Fig. 1.1!

1Indeed we can estimate the time as τ = δ/ν, assuming δ = 0.05m and ν = 3 × 10−7m2s−1 gives
τ = 166666s ≈ 48hrs.

2There are however alleged references to turbulence in the Old Testament.
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Chapter 1. Introduction

Figure 1.1: Da Vinci’s sketch of turbulenza, taken from [Frisch, 1995].

After Da Vinci, very little progress was made in further understanding the problem

until the 19th century with the formulation of the Navier-Stokes equation [Navier, 1822]

and Boussinesq’s stress strain hypothesis in 1877 [Boussinesq, 1877].

However before looking at the mathematics of the problem, and in the absence of

a formal definition, we turn to one of the best known ‘descriptions’ of turbulence from

Richardson [1922],

Big whorls have little whorls,

which feed on their velocity;

And little whorls have lesser whorls,

And so on to viscosity.

In a similar way to Da Vinci’s sketch, Richardson gives the idea of turbulence essentially

being a collection of vortices. However Richardson also hints at the so-called energy

cascade. This is the idea that energy is injected at large length and time scales. This

energy is then transferred to smaller and smaller scales, until it is dissipated (converted

to thermal energy) on molecular scales. We shall see later that mathematically there

are good reasons for this when we consider the equation of motion of a fluid. Hinze

[1975] provides a less poetic description:

Turbulent fluid motion is an irregular condition of the flow in which the various

quantities show a random variation with time and space co-ordinates, so that

statistically distinct average values can be discerned.

Whilst Bohr et al. [1998] define turbulence as,
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Chapter 1. Introduction

chaotic dynamics in a spatially extended system.

Perhaps, rather than try to define turbulence, it is of more use to provide the key

features of a turbulent flow.

1.1.1 Characteristics of Turbulence

Turbulence is random, the difficulty of dealing with turbulent flows is their random-

ness. For example, one would not be able to predict the path of a single particle of

radioactive material suspended in a turbulent flow from the failure of a nuclear reac-

tor. However statistical argument can give information about the spread of a cloud of

particles suspended in a turbulent flow.

2D and 3D versions of turbulent flows differ significantly. In particular, 2D turbu-

lence (like any 2D flow [Zeld’ovich, 1957]) cannot maintain magnetic fields. Therefore,

we shall be more interested in 3D turbulent flows.

Turbulence is often isotropic, especially in the inside of a computer! To a good ap-

proximation turbulence in nature is often isotropic, i.e. there are no special directions.

Notable exceptions are found in rotating systems, and turbulence in boundary layers.

Indeed all real flows have some degree of anisotropy, however in our simulations we

assume that anisotropy is negligible.

Turbulence if often homogeneous; there are no special volumes. If we looked at ran-

domly chosen volumes in the flow we would be unable to distinguish one from the other.

Again, all real flows have some degree of inhomogeneity, however neglecting this effect

leads to massive simplifications.

Turbulence is dissipative, that is to say turbulence transfers energy from large scales

to small scales and eventually heat. Without a continuous input of energy turbulence

will decay.

Turbulence is diffusive: turbulence has a tendency to spread. This has many indus-

trial applications. Pollution and potentially harmful chemicals are quickly dispersed in

a turbulent environment. However it is worth noting that the tendency for turbulence

to agglomerate particles of a certain mass is also an important feature. Indeed this is

believed to be the mechanism behind both planet formation and rain.

Turbulence is a multi-scale phenomenon. The idea of the Richardson cascade, and in

particular simple diagrams of the cascade, cannot be taken too literally; however some

form of energy cascade does exist, and this leads to the formation of multiple scales
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Chapter 1. Introduction

in a turbulent flow. In the next section we introduce the Navier-Stokes equation, the

equation of motion for a fluid. The non-linear term in this equation, (u · ∇)u, which

makes analytic progress so difficult, is also responsible for the creation of smaller and

smaller scales. For example consider u = (sin kx, 0, 0). We now consider

(u · ∇)u = sin kx
∂

∂x
u =

(
sin kx

∂

∂x
sin kx, 0, 0

)
(1.1)

= (k sin kx cos kx, 0, 0) (1.2)

=

(
k

2
sin 2kx, 0, 0

)
. (1.3)

So we have created smaller scales in the flow as sin 2kx involves scales half the size

of the initial flow. Of course this is a very simple example and the cascade in fully

developed turbulence is much more complex.

Turbulence is time dependent, and irreversible; statistically the properties of the flow

may not change with time, however instantaneous patterns of the fluid flows change

from one instant to the next.

Whilst not as succinct as a simple definition, if a flow exhibits all of the above char-

acteristics, one can be confident one is dealing with a turbulent flow. Something we

have missed from the above discussion is the Reynolds number, Re. Another thing

that defines turbulent flows is that they exist at high values of Re. However this dis-

cussion is incomplete without the Navier-Stokes equation, which we introduce in the

next section.

1.1.2 The Navier-Stokes Equations

The Navier-Stokes equation embodies the physics of virtually all fluid flows (assuming

the fluid is continuous). They were introduced in the early to mid-19th, by Claude-Louis

Navier and Sir George Gabriel Stokes. For an incompressible fluid we have,

ρ

[
∂u

∂t
+ (u · ∇)u

]
= −∇P + ν∇2u + F, ∇ · u = 0, (1.4)

where u is the velocity vector which, in general, depends on all three spatial co-ordinates

(x, y, z), ρ is the density, P is the pressure and F represents the body forces acting on

the fluid. Finally, ν is the kinematic viscosity, the fluid’s internal resistance to flow.

Unfortunately, these equations are nonlinear and very difficult to solve both analyt-

ically and numerically in their general form. There are few exact solutions, and all have

been obtained by making dramatic, often physically unrealistic, assumptions. Limited
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Chapter 1. Introduction

Figure 1.2: Humphrey Bogart smoking, the non-politically-correct example of turbulence. Note
the transition between laminar and turbulent flow as the smoke accelerates away from the
cigarette. Figure taken from http://www.wikipedia.org.

progress in the understanding of turbulence has been obtained via analytical solutions

to these equations. A consequence of this is that early descriptions of turbulence were

based mainly on experimental observations, for example the Taylor-Couette flow and

Rayleigh-Bénard convection. A particularly striking example is the Richardson regime,

which we shall meet later, originally derived by studying the motion of balloons in the

atmosphere. Richardson was even known to prove the law by tossing parsnips into a

loch if challenged!

One of the earliest, and arguably the most famous, of the early experimentalists

was Osbourne Reynolds. He famously studied the conditions in which the flow of fluid

in pipes transitioned from laminar to turbulent flow. This led him to identify a single

dimensionless parameter, now known as the Reynolds number,

Re = UL/ν, (1.5)

where L and U are ‘typical’ length and velocity scales, respectively. If we introduce

new variables,

x′ =
x

L
, u′ =

u

U
, t′ =

tU

L
, P =

P − P0

ρU2
, (1.6)

6
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Chapter 1. Introduction

and substitute into Eq. (1.4), we obtain

∂u

∂t
+ (u · ∇)u = −∇P +

1

Re
∇2u, (1.7)

which is the dimensionless form of the Navier-Stokes equation. Note that here we have

ignored the forcing term, and that P0 is the background pressure. It is now clear that

the Reynolds number is a measure of the ratio of inertial forces to viscous forces and

quantifies the relative importance of these two types of forces for given flow conditions.

Reynolds found that the nature of the flow in a pipe was determined by the magnitude

of this ratio. In his book, Davidson [2004] provides an illustration of flow around a

sphere at various Reynolds numbers, and Fig. 1.3 reproduces the figure. Here we can

see the transition to turbulence as we increase Re. Initially we see laminar flow, then,

assuming the properties of the fluid remain unchanged, as Re increases the appearance

of stable vortices is observed. In (c) we see the formation of a Von Kármán 3 vortex

street. In the final two panels, we see that patches of turbulence appear; as Re is

further increased, one can see these patches spread until the flow becomes completely

random and we enter the regime of fully developed turbulence.

3An interesting aside: the term “Reynolds number” was generally forgotten before Von Kármán
[1954] drew attention to it in his book ‘Aerodynamics: Selected Topics in the Light of Their Historical

Development’.
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Chapter 1. Introduction

Figure 1.3: A sketch showing the flow past a cylinder at increasing Reynolds numbers.

(a) Re < 1,

(b) 5 < Re < 40,

(c) 100 < Re < 200,

(d) Re ∼ 104,

(e) Re ∼ 106.

In the mid-20th century one of the few analytic breakthroughs came from the Rus-

sian mathematician Andrey Nikolaevich Kolmogorov. In the next part of this intro-

duction we look at some of the key results from what we know today as the K41 theory.

8



Chapter 1. Introduction

1.1.3 K41

In 1941 Kolmogorov derived one of the few exact results which we can directly attain

from the Navier-Stokes equation [Kolmogorov, 1941]. We shall begin by considering

the assumptions that Kolmogorov made.

Kolmogorov’s first universality assumption. At very high, but not infinite,

Reynolds number, all of the small-scale statistical properties are uniquely and uni-

versally determined by the length scale ℓ, the mean dissipation rate (per unit mass) ǫ

and the viscosity ν.

Kolmogorovs second universality assumption. In the limit of infinite Reynolds

number, all small-scale statistical properties are uniquely and universally determined

by the length scale ℓ and the mean dissipation rate ǫ.

It is important to note that both of these statements concern ‘small-scale’ statistical

properties. We must also make further assumptions about the flow, principally (local)

homogeneity and isotropy. As mentioned previously, Kolmogorov originally defined the

following scaling laws directly from the Navier-Stokes equation. However for simplicity

we shall follow Frisch [1995] and use dimensional arguments. Kolmogorov’s first as-

sumption was that eddies within the inertial range, i.e. length scales smaller than the

forcing and larger than the dissipation scale, are only governed by two parameters, ν

and ǫ. Because we have assumed isotropy and homogeneity we can talk of characteristic

length scales independent of spatial direction. We begin by considering the smallest

eddies, which we shall denote ℓν . We assume

ℓν ∼ ναǫβ, (1.8)

where we can determine the constants α and β using dimensional arguments. Working

in SI units and denoting dimensions with square brackets, we have the following:

[ℓν ] = m, [ν] = m2/s, [ǫ] = m2/s3. (1.9)

Hence we can determine α and β:

m =
(
m2s−1

)α (
m2s−3

)β ⇒ 1 = 2α+ 2β

0 = −α− 3β




 ⇒ α = 3/4, β = −1/4,

which gives our first result:

ℓν ∼ (ν3/ǫ)1/4. (1.10)

9
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We proceed in a similar way for the largest scale in the flow, where we have length L

and velocity U . We know that the energy supplied to the large scales is the same as

the energy transferred in the cascade, ǫ, as energy is only dissipated at the smallest

scales. We assume

ǫ ∼ UγLδ, (1.11)

where again we use dimensional arguments to determine γ and δ.

m2s−3 =
(
m s−1

)γ
mδ ⇒ 2 = γ + δ

3 = γ

}
⇒ γ = 3, δ = −1,

giving the second result:

ǫ ∼ U3/L. (1.12)

Combining these two results we find an important relation which will be used later

on when discussing the model turbulent flow which we use to simplify calculations. We

begin by relating the two length scales in our problem, namely ℓν and L,

ℓν
L

=
1

L

(
ν3

ǫ

)1/4

=
1

L

(
ν3L

U3

)1/4

=

(
UL

ν

)−3/4

≡ Re−3/4. (1.13)

This is a simple relation between the largest and smallest length scales in the problem

for a given Reynolds number.

Whilst the above result will prove very useful later on in our work, our next result

is one of the most famous and quoted ‘rules’ in the whole of turbulence theory. Again

following Frisch [1995] we shall use dimensional arguments to derive a law for the energy

at a wavenumber k. Before we do so, a brief discussion of energy spectra is essential.

1.1.4 Energy Spectra

Earlier we argued that a turbulent flow has many scales; indeed, we have shown above

that the separation between the largest and smallest scales depends on the Reynolds

number. In typical atmospheric turbulence Re ∼ 10000, and clearly a large differ-

ence exists between the smallest and largest scales. A convenient way to describe a

homogeneous flow is to use a Fourier decomposition. We define a Fourier transform

pair

F (k) =
1

(2π)3

∫ ∞

−∞
f(x)e−ik·xdx,

f(x) =

∫ ∞

−∞
F (k)eik·xdk.

(1.14)

10
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It is worth mentioning briefly here that numerically we shall make use of the free

software “fftpack”, which is an efficient implementation of the fast Fourier transform

(FFT) algorithms [Swarztrauber, 1982]. The energy spectrum E(K), defined as

∫ ∞

0
E(k)dk =

1

2
〈u2〉, (1.15)

essentially E(k) is the amount of energy in structures with a size of 2π/k, per unit

logarithmic interval of k. The angular brackets denote ensemble averaging. Hereafter

we make use of the fact that our field is homogeneous and use spatial averaging.

Returning to Kolmogorov’s theory, he argued that in the inertial range one can

assume that viscosity plays no role in the dynamics, therefore only the wavenumber k,

and of course, ǫ are of importance. As we did before, we assume

E(k) ∼ ǫαkβ , (1.16)

and once again use dimensional arguments to determine the constants, α and β. Now

[k] = m−1 and from (Eq. 1.15)

[E(k)] =
m2

s m−1
= m3s−1,

and we can now determine the unknown constants:

m3s−2 =
(
m2s−3

)α (
m−1

)β ⇒ 3 = 2α− β

2 = 3α




 ⇒ α = 2/3, β = −5/3.

We can now write down the famous relation,

E(k) = CKǫ
2/3k−5/3. (1.17)

Where CK is a dimensionless constant, known as the Kolmogorov constant. As we

hinted earlier, in all the work that follows we do not solve the Navier-Stokes equation.

Instead we use a ‘synthetic’ turbulent flow, which we shall introduce in §2. With this

model flow, we have full control of the energy spectrum and in the majority of the

work we assume a −5/3 slope for the energy spectrum. It is indeed remarkable, given

the assumptions that are made in the derivation of the scaling law, that experimental

and numerical results have shown the result to be very robust [e.g. , Yeung and Zhou,

1997; Grant et al., 1962; Chasnov, 1991].

We conclude this section by putting together some of the key ideas from this intro-

duction in a schematic representation of a turbulent spectrum, shown in Fig. 1.4. We

see the largest length scale, which often corresponds to the size of the domain. The

11
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Figure 1.4: A schematic representation of the Kolmogorov energy spectrum.

wavenumber k0 is referred to as the integral scale and contains most of the energy;

indeed the eddies of this size are generated by the driving force of the turbulence. At

larger k we enter the inertial range; where we have the Richardson cascade of energy,

assuming of course local interactions only. Here the −5/3 law is valid and eddies within

this range have no knowledge of the driving force or of dissipation. The final part of

the figure shows the Kolmogorov length scale kν , where the dissipation range begins.

This marks the end of the inertial range, where energy is transferred to heat, by viscous

forces.

Armed with this elementary knowledge of turbulence, we now consider the next

part of our problem: the equations and behaviour of magnetic fields.

1.2 Magnetohydrodynamics

Our problem begins with the first scientific letter on the subject of magnetism ‘Epistele

de magnete’ by Pierre de Maricourt circa 1270. His work contains the earliest (in the

12
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west) detailed discussion of a freely pivoting compass needle, a fundamental component

of the compass which soon followed. In the East, the first mention of magnetism comes

much earlier, the 4th century BC in fact! In an book entitled ‘Book of the Devil Valley

Master’ it is noted that ‘The lodestone makes iron come or it attracts it’ [Shu-hua,

1954]. A lodestone is a naturally occurring piece of intensely magnetic mineral mag-

netite, normally magnetised by the strong fields caused by lightening bolts. On both

sides of the globe, man made use of the fact that a magnetised needle would align

itself with magnetic North to construct the compass, paving the way for improved

navigational capability. It was not until the turn of the 20th century that the mag-

netic compass was partially replaced by the gyrocompass for naval navigation, and the

magnetic compass continues to be an invaluable aid for navigation to this day. The

ability of a compass to roughly align with true North relies on the fact that the Earth

also acts like a large bar magnetic. However eventually people began to realise that

the Earth’s magnet was not fixed. The position of the poles wandered in time and the

strength of the magnetic field fluctuated. Later, by examining rock samples between

continental plates, it become apparent that the North and Souths poles had flipped,

with an apparently random pattern. Clearly complicated dynamics are responsible for

the Earth’s magnetic field.

The Sun also has a strong, self-generated magnetic field, which had been indirectly ob-

served for thousands of years. Indeed sunspots are manifestations of the solar magnetic

field; cool dark patches on the solar surface are caused by an emergence of magnetic

flux. They are large enough to be visible with the naked eye, in fact the typical size of

a sunspot is comparable to the size of the Earth! Figure 1.5 shows a satellite image of

a sunspot region, where the emerging magnetic flux is clearly visible. The documented

evidence of sunspots appeared in 350 BC, when one of Aristotle’s pupils observed the

presence of sunspots. With the invention of the telescope, Galileo was able to accu-

rately observe and document the number of sunspots, as shown in Fig. 1.6. However

the first person to notice an underlying pattern to their number was Samuel Heinrich

Schwabe in 1843 who discovered the 11 year solar cycle (he believed it to be a 10 year

cycle) [Schwabe, 1843]. A spatial dependence was also found later, and scientist began

to construct the now well-known butterfly diagram, shown in Fig. 1.7 At the beginning

of a cycle, spots appear on the Sun at high latitudes. Then, as the cycle progresses, the

sunspots drift towards the equator, and then die out, signalling the lowest Solar activ-

ity. We now know this is due to the propagation of a dynamo wave. It was not until

1908 that sunspots were linked to the solar magnetic field. Hale [1908] used Zeeman

splitting to show that sunspots are the sites of a strong magnetic field. As observations

became more accurate, it was noticed that sunspots appeared in pairs, and Hale also

showed that the sunspots in each pair have opposite magnetic polarities.
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Figure 1.5: An image of a sunspot region taken by NASA’s TRACE satellite. Figure taken
from http://trace.lmsal.com.

The study of the Earth’s magnetic field owes much to the work of Gauss. In a meet-

ing in 1828, Alexander Von Humboldt suggested to the German mathematician, Carl

Friedrich Gauss, that he should apply his talents to the mysteries of magnetism. Thanks

to this meeting, Gauss went on to make major contributions to the field, building the

first magnetic telegraph. Further refinements led to the creation of instrumentation

that was used to create an international network of observation stations. This allowed

the Earth’s magnetic field to be mapped and monitored over different continents. The

non-dipolar components of the field were identified and Gauss pioneered the use of

spherical harmonics to describe the Earth’s field.

However the prospect of understanding the origin of the field still remained distant.

Indeed in 1905, shortly after composing his special relativity paper, Albert Einstein

described the origin of the Earth’s magnetic field as being one of the great unsolved

problems facing modern physicists. A breakthrough came in 1919, when the Irish

mathematician and physicist Sir Joseph Larmor published a short paper ‘How could

a rotating body such as the Sun become a magnet’ [Larmor, 1919]. This sparked the

idea that underpins the modern field of dynamo theory; that the flow of an electrically

conducting fluid can amplify and maintain a magnetic field.

Unfortunately the first major setback for this new idea came soon after. In 1933 the

British astronomer Thomas George Cowling published ‘The magnetic field of sunspots’

[Cowling, 1933]. In this paper he proved the first of the so-called anti-dynamo theorems.
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Figure 1.6: One of Galileo’s drawings of sunspots from the summer of 1612. Figure taken from
http://astronomy.neatherd.org/Sunspots.htm.

Figure 1.7: The butterfly diagram showing the positions of sunspots as observed at different
times. The propagation of the dynamo wave is manifested in the equatorial migration of activity
belts. Figure taken from http://solarscience.msfc.nasa.gov.

More precisely, he showed that if the flow in question possessed ‘too much symmetry’,

then dynamo action is not possible. Fortunately his work did not spell the end for

dynamo theory, it did however make things considerably more difficult! The magnetic

field in a spherical object has a predominantly dipolar structure. This is the case for the

majority of the planetary dynamos and also of the Sun. One would assume that a field
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with a dipole structure would be axisymetric, which would make many simplifications

possible and allow analytic progress to be made. However Cowling showed that an

axisymetric magnetic field cannot be generated by any axisymetric flow. For the next

few decades progress was halted, as, without being able to make simplifications based

on symmetry of the field, the problem was far too difficult to solve analytically. Then

in the mid-20th century the first computers began to be used to perform numerical

calculations, and dynamo theory sprang back to life.

Bullard and Gellman [1954] used a spherical harmonic expansion with a simple flow,

and showed that dynamo action was possible. A few years later Herzenberg [1958] pro-

duced one of the two first rigorous proofs of the existence of fluid dynamo action (see

also [Backus, 1958]). Parker [1955] worked on a model for the solar convection layer;

he suggested that small-scale helical motions could twist segments of toroidal field into

poloidal field. Just over a decade later, Steenbeck, Krause and Rädler gave this idea a

mathematical formulation and gave birth to the mean-field approach [Steenbeck et al.,

1966]. There was now a way to describe how small-scale magnetic and velocity fluc-

tuations can create a large-scale magnetic field. In many ways the culmination of this

work came in 1995, when Glatzmaier and Roberts computed a full numerical solution

to the MHD equations [Glatzmaier and Roberts, 1995]. Amazingly, their model largely

reproduced the dipolar structure of the Earth’s field (with higher moments), and re-

versals of the field were observed! Figure 1.8 shows a snapshot from their simulation

as the field undergoes a reversal.

As we shall see later, a large system size is an important ingredient of dynamo

action. This has meant that, unfortunately, experimental progress has been limited,

although recent breakthroughs have been made. One of the early successful experi-

mental dynamos was the Lowes and Wilkinson experiments, in Newcastle, from 1963

[Lowes and Wilkinson, 1963] and 1968 [Lowes and Wilkinson, 1968]. Rotating copper

cylinders, immersed in mercury, were motor-driven to create dynamo action. So suc-

cessful was the dynamo that the large fields generated often burnt out the motors.

However the success of the dynamo relied on the use of solid metal cylinders, which is

not comparable with dynamos in nature.

Later liquid metal experiments began to be built based on simple flows that had

been shown to produce dynamos. For example, the Riga dynamo experiment is based

on the Ponomarenko dynamo, where there is a screw-like motion inside a cylinder

[Gailitis et al., 2001]. Whilst again, dynamo action was found in the laboratory, this

type of constricted flow is not widespread in nature. Perhaps the most major step

forwards in experimental dynamos came with the VKS experiment [Bourgoin et al.,

2002]. Here a cylinder of liquid sodium is driven by propellers at either end. The

propellers drive the sodium into high Reynolds number turbulence in the presence of a
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Figure 1.8: Snapshot taken from the simulations of Glatzmaier and Roberts [1995], where the
field of a spherical object is undergoing a reversal.

weak external seed field. Not only has the set up worked as a dynamo [Monchaux et al.,

2007], but more recent experiments have produced reversals in the field [Ravelet et al.,

2008]. More remarkably, the time series of these reversals can be both periodic, as we

observe in the Sun, or chaotic as in the case of the Earth’s field. Certainly, dynamo

theory has come a long way since Einstein posed his challenge and Larmor responded.

But wait, why is all this work necessary? Why is an explanation needed as to the

origin of these magnetic fields? Could they not just be remnants from the formation

of the universe that need no explanation? Should we even continue any further with

this thesis!? In order to answer these questions and further understand the problem we

need to look at the underlying equations that govern the evolution of a magnetic field.

1.2.1 Maxwell’s Equations

We denote a magnetic field by the symbol B. The Système International (SI) unit used

to measure magnetic fields is the tesla, which is equal to 104 gauss. We seek an equation

to describe the behaviour of B when acted upon by the flow of an electrically conducting

fluid with velocity, u. A starting point is given by the famous Maxwell’s equations. It

is an important historical note that the four partial differential equations that make up

Maxwell’s equations were not derived by Maxwell himself. His only contribution in fact

was a correction to Ampère’s circuital law, known as the displacement current. In 1884
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the English scientist Oliver Heaviside (with Willard Gibbs) grouped the four equations

together; he had been working from Maxwell’s papers so the use of the name Maxwell

for this set of equations began. With the displacement current included, Maxwell’s

equations are

∂B

∂t
= −∇ × E (Faraday’s law of induction), (1.18)

∇ × B = µ0J + µ0ǫ0
∂E

∂t
(Ampère’s law with Maxwell’s correction), (1.19)

∇ · B = 0 (the solenoidal nature of B), (1.20)

∇ · E =
ρ

ǫ0
(Gauss’ law), (1.21)

where E is the electric field, ρ is the charge density and µ0 and ǫ0 are constant measures

of permeability and permittivity of a vacuum, respectively, with c−2 = µ0ǫ0, where c

is the speed of light. Conceptually what do these equations mean?

Faraday’s law of induction describes how a changing magnetic field can create an

electric field. This is the principle behind many electric generators: (1) a mechanical

force (such as a wheel on a bike turning) turns a small permanent magnet; (2) the

changing magnetic field creates an electric field which powers a bulb to allow the cy-

clist to ride in the dark.

Ampère’s law with Maxwell’s correction states that magnetic fields can be gener-

ated in two ways: by an electrical current as in Ampère’s law, and by changing electric

fields (the displacement current term µ0ǫ0∂E/∂t).

Gauss’ law for magnetism states that magnetism is unlike electricity in that there

are not distinct magnetic monopoles that attract and repel the way positive and nega-

tive charges do. Instead, north and south poles are found in pairs (magnetic dipoles).

Hence the field is divergence free and as a consequence magnetic field lines always come

in closed loops.

Finally Gauss’ law describes how electric charge can create and modify electric fields.

Gauss’ law helps explain why opposite charges attract, and like repel: the charges cre-

ate certain electric fields, which other charges then respond to via the electric force.
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In fact the displacement current in Ampère-Maxwell equation is negligible for the cases

we shall be looking at, as E does not vary rapidly in time. Hence we consider Maxwell’s

equations without the only contribution he made! One further equation is needed in

order for us to proceed: Ohm’s law for a moving conductor,

J = σ (E + u × B) , (1.22)

where σ is the electrical conductivity. We rewrite Ohm’s law to give,

E =
1

σ
J − u × B, (1.23)

this we can substitute into Faraday’s induction law to give,

∂B

∂t
= −∇ × E = −∇ ×

[
1

σ
J − u × B

]
. (1.24)

Finally we substitute,

J =
1

µ0
∇ × B, (1.25)

which comes from Ampère’s law, omitting the displacement current. At this point we

note that we can combine σ and µ0:

η =
1

σµ0
, (1.26)

where η is the magnetic diffusivity, a measure of the ability of a magnetic field to diffuse

through a conducting medium. We now have

∂B

∂t
= −∇ ×

[
1

σ
J − u × B

]

= −∇ ×
[

1

σµ0
(∇ × B) − u × B

]

= ∇ × (u × B) − η∇ × ∇ × B, (1.27)

if η is constant. Our final step is to use a simple vector identity and the solenoidality

of B to give,

∇ × (∇ × B) = ∇ (∇ · B) − ∇
2B = −∇

2B, (1.28)

which gives the well known magnetic induction equation

∂B

∂t
= ∇ × (u × B) + η∇2B. (1.29)

This equation is the fundamental equation of dynamo theory. It is clear that the

evolution of the magnetic field is due to both the effect of the ambient velocity field,
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and a dampening caused by the diffusion of the field. Indeed we shall see that the

possibility of dynamo action depends on the ratio of these two competing terms. An

alternative form of the constant-diffusivity induction equation is

∂B

∂t
+ (u · ∇)B = (B · ∇)u + η∇2B, (1.30)

where we have assumed an incompressible flow. We can now see that the velocity field

has two effects on the magnetic field: (u · ∇)B is the advection of the field by the

flow, whereas (B · ∇)u corresponds to the stretching of the magnetic field lines. It is

a combination of both these effects which amplifies the magnetic field.

1.2.2 Nature of the induction equation

There are a number of important limits for the induction equation. If u = 0, Eq. (1.29)

reduces to the diffusion equation for B,

∂B

∂t
= η∇2B. (1.31)

So without fluid motion to maintain the dynamo, the field is dissipated away (assuming

no field at infinity). If we estimate how long this diffusion takes for an object of the

size of the Earth’s core, we can see why a dynamo process is essential. The e-folding

time (the time taken for the field amplitude to drop by a factor e) is 1/k2η. The radius

of the Earth’s core is roughly 3.5×106m, hence k = 2π/3.5×106m−1 ∼ 10−6m−1. The

permeability of free space is a universal constant, µ0 = 4π× 10−7NA−2. The electrical

conductivity of the Earth’s core is around 4 × 105S m−1 and so η ∼ 2m2s−1. With

these values, the e-folding time of the Earth is about 5 × 1011 seconds, about 20,000

years! The diffusion time is long, but the Earth is around 4.5 billion years old, so there

must be motion in the Earth’s core to maintain a magnetic field. We can also rule out

ferromagnetism as an explanation for the geomagnetic field as the temperature of the

Earth’s core is much higher than the curie point of iron.

It is only when we consider objects as large as galaxies that the ohmic diffusion

time becomes longer than the age of the object. However even here the pitch angle of

the magnetic field suggests that a dynamo process is essential [Shukurov, 2000].

The opposite limit is perfect conduction, i.e. σ → ∞ and so η ∼ 0, the so called

‘frozen flux’ limit. In order to see the importance of this limit we must introduce

the notion of magnetic flux. We are effectively considering the number of field lines

that pass through a surface. More precisely we define the magnetic flux, Ψ , through a
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surface S moving with the fluid,

Ψ =

∫

S
B · dS. (1.32)

The rate of change of Ψ with time is made up of two parts. We must consider the time

variation of B through S, (
∂Ψ

∂t

)

1

=

∫

S

∂B

∂t
· dS, (1.33)

which reduces to, (
∂Ψ

∂t

)

1

= −
∫

S
∇× E · dS. (1.34)

We must also consider the action of fluid motion on S. If dl is the boundary of

S, then u × dl is the area swept out by dl per unit time. Therefore, the flux element

crossing the area is B · (u × dl), hence, the second contribution to ∂Ψ/∂t is,

(
∂Ψ

∂t

)

2

=

∫

C
B · u × dl =

∫

C
B × u · dl, (1.35)

where C is a closed curve enclosing S. The use of Stokes’ theorem gives,

(
∂Ψ

∂t

)

2

=

∫

S
∇× (B × u) · dS. (1.36)

We can now see that the total time rate of change of Ψ (making use of of the anticom-

mutative properties of cross product) is given by,

∂Ψ

∂t
= −

∫

S
∇× (E + u × B) · dS. (1.37)

We can rearrange Ohm’s law, Eq. (1.22) to give

E + u × B = µ0ηJ; (1.38)

therefore, if η = 0, we have
∂Ψ

∂t
= 0. (1.39)

Magnetic flux is therefore a conserved quantity, and the field lines are said to be “frozen”

into the fluid. This result will be important to us later when we introduce a model of

the fluctuation dynamo based on reconnecting flux tubes.

To measure the relative importance of the two terms in the induction equation we

shall non-dimensionalise the induction equation. We choose a typical length scale (e.g.

the domain size) L, and fluid velocity U in the system. We now scale our variables

accordingly
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t =
L

U
t′, x = Lx′, u = Uu′ (1.40)

so now ∇ = ∇
′/L and Eq. (1.29) is rewritten as

∂B

∂t
= ∇ × (u × B) +R−1

m ∇
2B, Rm =

UL

η
. (1.41)

Again, as in turbulence, our problem is controlled by a dimensionless parameter,the

magnetic Reynolds number, Rm. Large Rm means induction dominates over diffusion,

and vice-versa for small Rm. In astrophysics, Rm is almost always very large, however

one of the problems of laboratory dynamos is that Rm is usually small.

1.2.3 Kinematic and nonlinear problems

Essentially we are looking at a mechanism to convert mechanical energy into magnetic

energy and finally heat. We have reached a point where we know key equations for our

problem. We are interested in the behaviour of a weak magnetic field in the presence of

homogeneous, isotropic, mirror symmetric turbulence. This is known as the fluctuation

dynamo, or small-scale dynamo problem. We must solve both the induction equation

Eq. (1.29) and the Navier-Stokes equation that we met in the previous chapter. The

force on a moving conductor is known as the Lorentz force: when included, the form

of the Navier-Stokes is

ρ

[
∂u

∂t
+ (u · ∇)u

]
= −∇P + ν∇2u + F + µ0

Lorentz force︷ ︸︸ ︷
J × B. (1.42)

The inclusion of this term is necessary to make our problem realistic, especially when

magnetic and mechanical energies are comparable. Unfortunately it also makes our

problem much more difficult to solve, as u and B are coupled and the system is non-

linear. The effect of the Lorentz force is to modify the velocity field and hence suppress

the growth of the magnetic field. The dynamo action presumably saturates when we

have an equipartition of magnetic and kinetic energy, and the magnetic field strength

fluctuates about some mean value. If we are only interested in the growth stage of the

problem then we can assume 〈B2〉 ≪ 〈u2〉, and hence the Lorentz force is negligible

compared to other terms in the momentum equation. This simpler ‘kinematic’ dynamo

problem is linear in B, and so we seek solutions of the form,

B = B0(x, y, z)e
(γ+iω)t, (1.43)

supplemented with appropriate boundary conditions. In general there is an infinite

set of eigenmodes B0 each with a complex eigenvalue, γ + iω, where γ is the growth
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rate and ω the frequency. The majority of the modes are dominated by the diffusion

term and quickly decay. However if a single mode has real part γ > 0 then we have a

dynamo. A final parameter that is important in the problem is the magnetic Prandtl

number, Prm. This measures the relative importance of the kinematic viscosity and

magnetic diffusivity, defined as

Prm =
ν

η
=
Rm

Re
. (1.44)

1.2.4 Zel’dovich’s antidynamo theorem

With a difficult problem such as the dynamo problem described above, any simplifi-

cation of the model is highly desirable; for example take only two spatial dimensions:

this allows analytic progress or more accurate numerics. Unfortunately the dynamo

problem does not work in two dimensions. Zeld’ovich [1957] was the first to show no

planar flow can maintain a dynamo, here we reproduce a proof, with the same result,

from Moffatt [1978]. Consider

u = (ux(x, y, z), uy(x, y, z), 0), (1.45)

i.e. k · u = 0, where k = (0, 0, 1). If ∇ · u = 0 then the field component B · k satisfies,

D

Dt
(B · k) = η∇2(B · k), (1.46)

so B ·k tends everywhere to zero in the absence of external sources. We then make use

of the magnetic vector potential A, where B = ∇× A. Moffatt [1978] shows that the

equation for the evolution of A in the flow above is,

DA

Dt
= −∇φ− η∇× (∇× A), (1.47)

where φ(x, t) is some single valued scalar. Suppose that the fluid extends to infinity,

and that A = O(s−2), φ = O(s−1) as s = (x2 + y2)1/2 → ∞; then Eq. 1.47 gives (with

S∞ the ‘cylinder at infinity’)

d

dt

∫ ∫
A2dxdy = −

∫

S∞

n · (Aφ+ ηA× (∇×A))dS − η

∫ ∫
(∇×A)2dxdy. (1.48)

Under the assumed conditions there is no contribution from the surface integral, and

so it follows immediately that ∇ × A → 0 everywhere, so clearly, B → 0. Note the

results holds for any k, also the proof can be adapted to the case when the fluid is

confined to a finite domain in two or three dimensions.

So we cannot reduce the dynamo problem to two dimensions, which means we have
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the problem of resolving a full three-dimensional system.

1.2.5 The Fluctuation Dynamo

A large number of studies have looked at the kinematic phase of the fluctuation dy-

namo. Some analytic progress has been made but the majority of the studies have

been numeric. Numeric work can be divided into two categories. The first consist of

full direct numerical simulations (DNS) where both the Navier-Stokes equation and the

induction equation are solved numerically. The second category use ‘toy’ models for

the velocity field in order to save computational effort, although the induction equation

must still be solved. It is this second type of study, which will be the blueprint for the

work in this thesis. Using DNS, the majority of effort has focused on finding the critical

value of Rm at which dynamo action was exhibited. With magnetic Prandtl number of

order one or larger, there is very little controversy. Dynamo action is found at relatively

modest values of Rm (above 100) and hence the importance of the fluctuation dynamo

becomes apparent [Schekochihin et al., 2004].

In many astrophysical situations (galactic and cluster plasma, etc. ) both Rm

≫ 1 and Prm ≫ 1, and so magnetic field lines from a rapidly become stretched and

tangled by the action of the small-scale dynamo. Indeed the action of the small-scale

dynamo can be so strong [Cattaneo and Hughes, 2009] that the large-scale field appears

swamped by the random field. Current work with the fluctuation dynamo at high Prm is

predominantly concerned with the saturated state, where many unanswered questions

remain. The mechanism that leads to saturation is not fully understood, and questions

remain about the nature of the saturated dynamo. At small Prm (the Earth’s core

for example) there is more controversy over the kinematic dynamo. Some work claims

that dynamo action is possible at any Prm [Boldyrev and Cattaneo, 2004], whereas

other authors [Schekochihin et al., 2004; Yousef et al., 2003] find that the fluctuation

dynamo cannot operate for Prm ≪ 1. In more recent results this disparity seems to

have been resolved and it appears dynamo action at low Prm is possible, however Rm

critical is higher, and the magnetic energy spectrum is significantly different to the

high-Prm case.

The use of ‘toy’ models for the velocity field has also been very useful in improving

our knowledge of the fluctuation dynamo. For example, the Arnold-Beltrami-Childress

(ABC) flow has been widely used as the prescribed field in kinematic dynamo studies

[Galloway and Frisch, 1986; Dorch, 2000]. This is family of incompressible, helical flows

where,

u =




C sin kz +B cos ky

A sin kx+ C cos kz

B sin ky +A cos kx



 , (1.49)
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where A, B and C are the flow parameters and k is the wavenumber of the flow. This

flow has been very useful in helping to understand the morphology of the flow and the

relationship between features in the flow (such as stagnation points) and features in the

magnetic field the flow generates [Dorch, 2000; Archontis et al., 2003]. Another popular

flow is the Roberts flow [Roberts, 1972], a helical flow in the form of convection-like rolls,

which has been used in both kinematic and nonlinear simulations. The Roberts flow

has also been the idea behind a successful dynamo experiment in Karlsruhe, Germany.

Here liquid sodium is forced by propellers into alternating helical flows. The experiment

is made up of many cells, each of which cannot support dynamo action alone, but as

a whole can support and maintain a magnetic field [Rädler et al., 2002]. The use of

these models has greatly advanced our knowledge of the fluctuation dynamo, and the

mean field dynamo in both kinematic and nonlinear regimes. However, the majority

of these models flows are single-scaled, and do not recreate many of the properties of

turbulence, in particular the energy cascade. One alternative which is rapidly gaining

popularity is the use of a summation of random Fourier modes, known as the Kinematic

Simulations model, which we shall introduce in the next chapter.

0

50

100

150

200

0

50

100

150

200

0
20
40
60

Figure 1.9: Snapshot of a configuration of loops in the steady state, taken from Hughes et al.
[2003]

Significant effort in dynamo studies has concentrated on trying to save numerical

effort with the velocity field. This has been achieved by either using a simple model

for the flow, or using a technique like LES (large eddy simulations) where sub-grid
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modelling is used to achieve high kinematic Reynolds numbers [Mason, 1994]. However

numerically solving the induction equation has remained the most common approach

to the dynamo problem in the literature. Brandenburg and Sarson [2002] considered

the effect of hyperdiffusion4 on the resulting magnetic field. They found that the field

saturates at a higher energy than the field generated using the induction equation. Our

model essentially takes this idea to its ultimate conclusion, and works in the limit of

Rm → ∞. The author is only aware of a few studies that have tried to look at the

dynamo problem outside the MHD regime, where the induction equation is no longer

valid, for example rarefied plasmas, such as the solar corona and galactic halos. Here

diffusion only acts over very short length scales, not in the manner of the Laplacian

operator. Blackman [1996] considered the back reaction of the field, via the Lorentz

force, and showed that if the field is concentrated in thin flux tubes then the back

reaction is substantially reduced. Schuessler [1980], using a simple one-dimensional

model, showed that a flux tube dynamo can reproduce the essential features of the

solar cycle. Finally an interesting study by Hughes et al. [2003] showed that a model

for the solar coronal magnetic field, with reconnections driven by footpoint motion, has

a power-law distribution for the distribution of flare energies. Whilst not a dynamo

problem their model has some similarities to the model we shall introduce later. Figure

1.9 shows a snapshot taken from their simulation, which is interesting to compare to

snapshots of our own simulations presented in §4.

1.3 Magnetic reconnection

Magnetic activity can be responsible for some of the most spectacular and violent

phenomena in the universe. For example, solar and stellar flares [Liu et al., 2009],

magnetospheric substorms, and γ-ray bursts are powered by magnetic energy, believed

to be released as a direct result of magnetic reconnections [Zweibel and Yamada, 2009].

Magnetic reconnections occur around the Earth (in the tail of the magnetosphere) and

on Earth in laboratory plasmas, where it plays a key role in the self-organization of

fusion plasmas; a plasma current is used to form and confine the plasma. During

reconnection, magnetic field lines from different magnetic domains are spliced to one

another, in direct violation of the frozen flux theorem. Essentially then magnetic

reconnection is a re-organisation of magnetic topology, which converts magnetic energy

to plasma energy. Magnetic reconnection is far too deep a topic to summarise here,

instead we focus on some important results concerning the timescale of reconnection

events. We make direct use of these in §4.4, where we discuss our reconnection rate.

4Hyperdiffusion is used in a similar way to hyperviscosity, which is often used in computational fluid
dynamics. The ordinary diffusion operator from the induction equation (Eq. 1.29), η∇2

B, is replaced
by (−1)n−1ηn∇

2n
B
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1.3.1 Sweet-Parker reconnection

Research into the subject of magnetic reconnection was initially inspired by the phe-

nomenon of solar flares. Here energy is first slowly built up and stored in the magnetic

field, and then suddenly released into thermal and kinetic energy. Independently Sweet

[1958] and Parker [1957], gave a solution by approximating the problem as a two dimen-

sional incompressible MHD problem, where the inflow of plasma was connected with

an outflow from the diffusion region. Both showed that the problem was a boundary

layer problem, and their analysis describes the release of magnetic energy over a period

of time several orders of magnitude longer than the observed energy release time in

solar flares. We start with the Sweet-Parker reconnection layer, as shown in Fig. 1.10.

It is easily shown that the flow out of the layer (ux) is at the Alfvén speed,

VA =
B0√
µ0ρ

(1.50)

Conservation of mass means the incoming flow of matter −Luy = LVR must balance

Figure 1.10: The Sweet-Parker reconnection layer, sketch taken from [Zweibel and Yamada,
2009]

the outgoing flow VAδ. Here VR, the reconnection velocity, is the incoming velocity

outside of the layer, where the frozen flux theorem still holds, δ is half the thickness of

the reconnecting layer, thus

VRL = VAδ. (1.51)

Using Ohm’s law, Eq. (1.23), and J ∼ B/(µ0δ), from Ampère’s law Eq. (1.19), we see

that the field diffuses in the reconnecting region with a velocity uy = η/δ. In a steady
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state, the diffusion velocity must balance the inflow velocity, giving

VR =
η

δ
. (1.52)

We can rewrite Eq. (1.51) and substitute for δ from Eq. (1.52) to leave,

VR

VA
=
δ

L
=

1√
S
, (1.53)

where S is the Lundquist number,

S =
LVA

η
, (1.54)

the magnetic Reynolds number based on VA. Eq. (1.53) defines the Sweet–Parker

reconnection rate. In the astrophysical systems we are interested in (solar corona

etc. ) S ≫ 1 and so the Sweet–Parker reconnection rate is very slow; in reality the

reconnection rate, and hence speed, must be much higher to explain the observed

phenomena

One explanation of this discrepancy could be the fact that this estimate of the

reconnection rate is derived using normal resistivity. In reality the resistivity at, for

example, a solar flare site could be greatly enhanced, leading to a much faster energy

release. However, at the time when Sweet and Parker performed their analysis, the

possibility of enhanced resistivity was not appreciated, and other means of increasing

the reconnection rates were sought, enter Petschek.

1.3.2 Petschek reconnection

Apart from the use of normal resistivity another reason the Sweet–Parker mechanism

is slow is because all the fluid is brought into the reconnecting region through a thin

channel, δ, along the whole of L. Petschek [1964] addressed this problem using a setup

with a shorter diffusion region, shown in Fig. 1.11. Petschek argued that most of the

incoming fluid does not pass through this shorter (length L∗) region, but is redirected

via standing shock waves. In the diffusive layer the behaviour is similar to that of the

Sweet-Parker layer. However the acceleration of the velocity up to the Alfvén speed

along the layer, is accomplished by magnetic tension (associated with a transverse

field component By). In Sweet-Parker theory this acceleration is mainly produced by

pressure gradient. The Petschek reconnection velocity is given by,

VR

VA
=

1√
S

√
L

L∗
, (1.55)
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Figure 1.11: The Petschek field geometry, sketch taken from [Zweibel and Yamada, 2009].
Note the shorter diffusive region, 2L∗, in comparison to Fig. 1.10.

a factor of
√
L/L∗ faster than the Sweet-Parker reconnection velocity. Petschek then

set L∗ as short as possible to get the maximum reconnection velocity. To determine

this minimum he ensured the current in the shocks, which he used to redirect the bulk

of the fluid, does not seriously perturb the incoming magnetic field Bx = B0. Petschek

showed the limit is approximately

L∗ >
L

S
(lnS)2; (1.56)

substituting in Eq. (1.55) we obtain the Petschek reconnection velocity,

VR <
VA

lnS
. (1.57)

Clearly for large S this is much larger than the Sweet–Parker result. This upper limit

is generally a few percent of the Alfvén speed, fast enough to account for most observed

phenomena. More recent research has looked at reconnections in the collisionless, non-

MHD regime, where two fluid models are used see Priest and Forbes [2000] for further

information. However for our simple model in which we use an ad-hoc reconnection

scheme (§4.2.2) these two bounds on the reconnection rate are sufficient. Indeed we

show in §4.4 that VR in our model lies between these two limits (assuming the magnetic

field is strong enough, such that VA ≈ u(l0)).

This concludes our opening chapter; we shall now concentrate on the model of a

turbulent velocity field that shall be used in our numerical simulations.
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A kinematic model of turbulence

2.1 Introduction

We now introduce the turbulent-like flow that we shall use in our dynamo simula-

tions. Ideally, one would like to solve the full Navier-Stokes equations, however, due

to numerical limitations, this is not always possible. Instead we shall bypass these

limitations by using the Kinematic Simulation (KS) model of turbulence, which we

introduce in the next section of this chapter (§2.2) This is a Lagrangian model of

turbulence first introduced by Fung et al. [1992]. Importantly, the model reproduces

many of the essential features of turbulence we discussed earlier: it is fully three-

dimensional and time-dependent, it contains multiple scales, and it is homogeneous and

isotropic. The KS model has been shown to be in good agreement with results obtained

from both direct numerical simulations (DNS) and experimental studies of turbulent

flows, particularly with respect to Lagrangian statistics such as two-particle dispersion,

[Fung and Vassilicos, 1998; Malik and Vassilicos, 1999; Osborne et al., 2006]. Similar

flows have been used in such varied areas as superfluid turbulence [Kivotides et al.,

2001], scalar transport in turbulent flows [Khan et al., 2003; Nicolleau and ElMaihy,

2006] and aeroacoustics [Favier et al., 2008]. It is also possible to introduce anisotropy

into the model and successful simulations of rotating, and stratified turbulence have

been produced [Nicolleau et al., 2008]. Finally, and perhaps most importantly for

this thesis, the KS model has also been shown to support a hydromagnetic dynamo

[Wilkin et al., 2007].

In this chapter we shall introduce the original, and most widespread variant of KS.

In §2.4 we compare the results from our numerical code to a famous result from the

literature in order to check the validity of the code. We then adapt this model in order

to enforce periodicity (§2.4.3), which shall be of use when solving the induction equation

later. We compare the results of our periodic numerical code to previous simulations

and initially find that the code is much less efficient. With a small adaption to the
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way we distribute wavenumbers in the periodic model we are able to reproduce the

results obtained from the non-periodic model with approximately the same numerical

effort. We close the chapter by briefly presenting the results from a previous study of

the fluctuation dynamo using the KS flow (§2.5).

2.2 The KS model

The KS model prescribes the flow velocity at a position x and time t through the sum-

mation of Fourier modes with randomly chosen parameters. These modes are mutually

independent, therefore the advection of small eddies by large eddies is not included in

the model. More precisely, the velocity field is prescribed to be [Osborne et al., 2006],

u(x, t) =

N∑

n=1

(An × kn cos(kn · x + ωnt) + Bn × kn sin(kn · x + ωnt)) , (2.1)

where N is the number of modes in the system. The unit vectors k̂n are chosen

randomly, and kn = knk̂n where kn is the wavenumber of the nth mode. We choose An,

and Bn randomly, imposing orthogonality with k̂n, which gives the required spectrum

as

|An × k̂n| = An, (2.2)

we proceed in the same fashion for Bn. We then choose

An = Bn =

√
2E(kn)∆kn

3
. (2.3)

This ensures

1

V

∫

V

1

2
|u|2dV =

∫ ∞

0
E(k)dk ∼

N∑

n=1

E(kn)∆kn, (2.4)

where ∆kn is given by

∆kn =






k2 − k1

2
, n = 1,

kn+1 − kn−1

2
, 1 < n < N,

kN − kN−1

2
, n = N.

(2.5)

Even though the parameters of the flow are chosen randomly, they do not necessarily

change with time, so the flow is not necessarily random. One of the advantages of

the KS model is that we have full control over the energy spectrum, in particular we

have the option of varying the slope of the energy spectrum. We adopt a normalised

energy spectrum of the KS flow E(k), which is a modification of the von Kármán energy
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spectrum,

E(k) = k4(1 + k2)−(2+p/2)e−1/2(k/kN )2 , (2.6)

which reduces to E(k) ∝ k−p in the inertial range 1 ≪ k ≪ kN , with k = 1 at the

integral scale; p = 5/3 produces the Kolmogorov spectrum. The flow is incompressible

and time dependent; the frequency of the nth mode, ωn is inversely proportional to its

turnover time,

ωn =
√
k3

nE(kn). (2.7)

It is convenient to write the unit vector k̂n as

k̂n =





√
1 − ζ2

n cos θn√
1 − ζ2

n sin θn

ζn



 , (2.8)

where, θn ∈ [0, 2π) and ζn ∈ [−1, 1], are uniformly distributed random numbers, to

ensure that k̂n are isotropically distributed. This avoids the common mistake of using

a parametrisation based on spherical co-ordinates, such that

k̂n =




cos θn sinφn

sin θn sinφn

cosφn



 , (2.9)

where we may naively choose θn ∈ [0, 2π) and φn ∈ [0, π], to be uniformly distributed.

However use of Eq. 2.9 means the area element, dΩ = sinφdθdφ, is a function of φ,

and hence points picked in this way are ‘bunched’ near the poles, see Fig. 2.1. Finally

we must choose how to distribute the length, kn, of the wavevectors kn. We use a

geometric progression, such that

kn = k1

(
kN

k1

)(n−1)/(N−1)

. (2.10)

In order to assist anyone interested in exploring the use of the KS model we use the

next section to explain how we numerical calculate the various parts of the model.

2.3 An example flow

In this section we consider how we could implement the KS flow as a numerical scheme.

For the sake of brevity (and perhaps sanity!) we shall only consider two modes. The

first step is to decide on values for k1 and kN , we make the selection,

k1 = 10, kN = k2 = 100.
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Figure 2.1: Comparison of distribution of points on the surface of a sphere. On the left points
are generated using Eq. 2.8, note the isotropic distribution. On the right are points generated
using Eq. 2.9, which creates ‘bunching’ at the poles.

Clearly with only two modes we do not need to calculate any more wavenumbers,

however in a realistic simulation we would be using around 20 modes. Numerically we

would do this by defining a parameter, ageom, such that,

ageom =

(
kN

k1

)(1/N−1)

=

(
100

10

)1

= 10.

Then in a loop from i = 1, N we could define each ki to be,

ki = k1a
i−1
geom.

Now for each wavenumber we must generate a random unit vector, using the Fortran

random number generator we obtain θi, and ζi for each of our wavenumbers,

θ1 = 5.212, ζ1 = −0.776, θ2 = 0.789, ζ2 = 0.133.

Note the Fortran random number generates a random value on the interval [0, 1). Using

Eq. 2.8 we can then have k̂i,

k̂1 =




0.302

−0.554

−0.776



 , k̂2 =




0.698

0.704

0.133



 .
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As either i = 1 or i = N our ∆k’s are easily calculated from Eq. 2.5,

∆k1 =
100 − 10

2
= 45 = ∆k2.

Next we use the energy spectrum (Eq. 2.6) to define the amplitudes of the vectors A

and B,

A1 = B1 = 1.376, A2 = B2 = 0.159.

Next we want to calculate Âi and B̂i, which by construction are orthogonal to ki. We

do this by creating two random unit vectors α̂i and β̂i. In this example we use,

α̂1 =




−0.377

−0.911

0.169



 , β̂1 =




0.0307

−0.881

0.473



 , α̂2 =




−0.713

−0.191

0.674



 , β̂2 =




0.985

0.0589

0.164



 .

We then generate Ai = Ai(α̂i × ki), and likewise Bi = Bi(β̂i × ki). Which gives,

A1 =




1.140

−0.344

0.690



 , B1 =




1.312

0.232

0.346



 , A2 =




−0.0947

0.107

−0.0699



 , B2 =




−0.0259

−0.00395

0.157



 .

Our final step is to use Eq. 2.7 to calculate the appropriate values for ωi namely,

ω1 = 4.587, ω2 = 16.772.

All these values are calculated at the start of the run and then it is a simple procedure

to put them together to calculate velocity field from the KS model, Eq. 2.1, with the

appropriate value of t.

2.4 Two particle dispersion

The dispersion of pairs of passive particles (tracers) is a fundamental problem. More-

over much of the work done with KS has focused on this problem, hence it provides a

perfect opportunity to test our own KS code. Perhaps the most important two particle

statistic is the mean square distance between two tracers, ∆̄2(t). Richardson [1926]

empirically derived,
d

dt
∆̄2 ∼ (∆̄2)(2/3), (2.11)

which implies,

∆̄2 ∼ t3. (2.12)
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This is the famous Richardson dispersion law, note this requires the assumption that

∆2
0 ≪ ∆̄2, where ∆0 is the initial separation. Since Richardson’s pioneering work both

Obuhkov and Batchelor derived Richardson’s dispersion law by applying Kolmogorov’s

similarity arguments to ∆̄2. This leads to,

∆̄2(t) ∼ ǫt3, (2.13)

when the separation is within the inertial range, i.e. ℓν < ∆(t) < L, where ℓν is the

Kolmogorov length scale, 2π/kN , and L corresponds to the integral scale 2π/k1. When

the separation of the particles is of the order of the integral scale random walk sets in,

as the motion of the two tracers is uncorrelated. Hence,

∆̄2(t) ∼ t, (2.14)

when ∆ ≥ L. The final scaling comes when the separation is smaller than the Kol-

mogorov length scale ∆0 < ∆(t) < ℓν . Batchelor [1952] showed that in this regime

∆(t) = (∆̄2(t))1/2, such that there is a time exponential growth in the separation,

∆̄2(t) ∼ et. (2.15)

We seek to replicate the results of Osborne et al. [2006] to test our numerical code and

reproduce both the Richardson and random walk regimes.

2.4.1 Numerical details

The position of a tracer particle released in a turbulent-like flow is the solution of,

d

dt
x = u(x, t). (2.16)

where u(x, t) is the Eulerian velocity generated using KS. There are many numerical

schemes available to integrate this equation. Most simulations in this thesis use the

4th order Runge–Kutta (RK4) scheme. This commonly used technique provides a good

balance between accuracy and programming difficulty and is well suited to our problem.

Let an initial value problem be given as follows,

d

dt
y = f(y, t), y(t0) = y0 (2.17)

then the RK4 representation is as follows,

yn+1 = yn +
1

6
h(k1 + 2k2 + 2k3 + k4), (2.18)

tn+1 = t+ h,
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and,

k1 = f(yn, tn), (2.19)

k2 = f(yn +
hk1

2
, tn +

h

2
),

k3 = f(yn +
hk2

2
, tn +

h

2
),

k4 = f(yn + hk3, tn + h).

We define the size of the interval h to be our timestep, and the error associated with the

method is O(h4). Whilst the Runge–Kutta scheme is appropriate when calculating the

position of tracer particles in an analytic flow field, it does have some drawbacks. In

later simulations (§5) it will not be possible to define the velocity field at all positions,

for example when calculating magnetic tension created by the geometry of magnetic

flux ropes. An alternative scheme is the Adams–Bashforth multi-step method. We

shall make use of the three-step Adams–Bashforth scheme,

yn+1 = yn +
1

12
h(23fn − 16fn−1 + 5fn−2), (2.20)

tn+1 = t+ h,

where fn = f(yn, tn). The one drawback of this method is that we must store values of

yn−1 and yn−2, which can place memory restrictions on the size of simulations. However

for our purposes the storage of necessary data is not an issue. Note the error associated

with this method is O(h4), which compares well with the RK4 scheme.

While the above examples are for a one dimensional case we can easily extend both

methods to our three dimensional KS flow and future flows. In the majority of the

simulations we perform, we relate the size of h to the turnover time of the smallest

eddies in the KS model. Following Osborne et al. [2006] we choose h = ℓν/(20uν) and

use the RK4 scheme; when we later introduce nonlinear effects into our model this

needs to be reduced further. In all simulations we initialise the parameters for our

KS flow at the start of the run. Our key parameters are kN and k1, which (following

Eq. 1.13) determines the Reynolds number of the velocity field,

Re =

(
kN

k1

)4/3

, (2.21)

and p our spectral slope. Particle positions are then set up and then we integrate each

particle using the RK4 scheme until our simulation has evolved sufficiently. In order

to test two particle dispersion we use 500 particles dispersed randomly over a unit

box in pairs, with an initial separation of 0.1ℓν . We can monitor their separation by
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calculating,

∆i(t) = |xi1 − xi2|, (2.22)

and measure the average separation using,

∆̄(t) =
1

250

250∑

i=1

∆i(t). (2.23)

2.4.2 Results

In figures 2.2 − 2.5 we show some results from our simulations, with k1 = 6, kN = 360

(Re ∼ 235), N = 20, and p = −5/3. In order to save computational time we make

use of the “Condor” high throughput computing system, see appendix A. Condor

is especially suited to jobs that we want to run in parallel, with no message passing

required between nodes. Using one small script we can perform multiple runs of the

same numerical code with certain parameters (for example the flow field) fixed and

others (particle positions) randomised, and then average over them at the end. Whilst

two particle dispersion is relatively un-intensive in terms of the computational time

required, we shall later aim to quantify the amount of stretching in the KS flow, using

Lyapunov exponents. These calculations take a long time to converge, and, as with two

particle dispersion, we want to average over many particles in order to ‘sample’ the full

flow. We therefore used two particle statistics to test our implementation of the Condor

system and found the results to be in exact agreement. This means the simulations

could be run on up to 2000 dual core computers. Particular attention should be

paid to figure 2.5 which shows the two scaling regimes we are particularly interested

in are observed. The first dashed line has a gradient of 3/2, and we expect based on

Richardson’s arguments that, after an initial ballistic regime, the separation squared

∆̄2 ∼ t3. We also observe the random walk regime which comes later in the simulation

when the motion between the particles is fully de-correlated and ∆̄2 ∼ t, which is shown

in the second dashed line with gradient 1/2. Having verified the success of the code in

reproducing the results from the literature, we must now adapt the code in order to

impose periodic boundary conditions, which will be useful when using finite-difference

methods to solve the induction equation, and in later flux rope simulations.

2.4.3 A Periodic model

Fortunately it is relatively easy to modify the KS model to introduce periodicity. For

convenience we shall seek periodicity in a unit box. Periodicity is obtained by forcing

each component of the wavevectors to be a multiple of 2π. So rather than creating

each unit vector as a point on the surface of a sphere and then multiplying by a length,

we create the full wavevector and then use this to calculate each of the unit vectors.
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Figure 2.2: Kinematic simulation of the trajectories of two particles in our ‘synthetic’ turbulent
flow. The particles are initially very close, but separate rapidly once they hit a straining region
and the separation distance enters the inertial range.

For Lagrangian statistics the size of the maximum wavenumber is limited only by

the size of timestep which we use. However when placed on a mesh (as needed by a

finite-difference scheme) we have further limitations. We need four grid points to fully

describe a wave, so for example with a resolution of 1283 (the lowest resolution we shall

use) the smallest wavelength we can capture is 32. This means each component of the

wavevector is limited to a maximum size of 32 × 2π. So in our numerical code we set

a maximum resolution e.g. 128, generate 3 random integers (one for each component)

between 0 and 32. We multiply each of these by 2π and the calculate the length of

the wavevector and the corresponding unit vector k̂n = kn/|kn|. We checked that the

periodic selection of the wavenumbers had no impact on the isotropy of the flow field,

and found results comparable to that of the non-periodic model. We also checked that

the results from two particle separation simulations were comparable to the results in

section 2.3.2. Unfortunately our initial findings were very worrying.

We found that we could reproduce all three regimes we expect when two particles

diverge; however, in order to obtain the correct 3/2 scaling in the Richardson regime,

we needed to sum over at least 200 modes. If only 20 modes are used then we do not

obtain the Richardson scaling regime, one of the hallmarks of turbulence, see figure 2.6.

This is an order of magnitude more than was required in the non periodic model, and

would have serious ramifications to our future simulations. Whilst it would be possible

38



Chapter 2. A kinematic model of turbulence

Figure 2.3: Contour plot of |u| with velocity vector components in the plane, slice through full
3D field.

on a mesh to calculate a steady, ω = 0, flow field once at the beginning of a simulation,

this would not be possible in our flux rope simulations. Having to sum the flow field

over 200 modes would be a major computational undertaking, and would limit the

use of KS, and render all the advantages over DNS void. When the spectrum of the

periodic flow with a moderate number of modes is analysed large gaps are apparent,

see figure 2.7.

By separately choosing uniformly-distributed random numbers for each component

of kN our wavenumbers are not uniformly-distributed as we desire. Hence the lack of

the Richardson scaling is no surprise, and we no longer have a true multi-scale model

of turbulence. Fortunately by putting a simple condition into the code, which forces

the wavenumbers a certain distance apart, the problem is easily resolved. We can see

in Fig. 2.6 that with only 20 modes we can reproduce the results of the non periodic

model. This is exactly what we need in order to use the periodic KS model to provide

the velocity field in our simulations.

Before closing this chapter we consider the use of the KS model in dynamo simula-

tions.

39



Chapter 2. A kinematic model of turbulence

Figure 2.4: Energy spectrum of KS field obtained by taking a Fourier transform of full velocity
field, note −5/3 Kolmogorov scaling.
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Figure 2.5: Averaged two particle separation obtained by averaging the separation of 500
particles in the KS flow, k1 = 6, kN = 360 (Re ∼ 235), N = 20, and p = −5/3
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Figure 2.6: The average separation of particles in the periodic KS flow. The red line shows
the flow generated by wavenumbers generated using our initial algorithm, note the lack of the
Richardson regime. The black line shows the results from a run with the same number of modes
but forcing the wavenumbers apart. This recovers the 3/2 Richardson scaling.

2.5 The KS model as a dynamo

A previous study [Wilkin et al., 2007] used the KS model as a basis for the study of

the morphology of the fluctuation dynamo. In this section we present a few of the key

results from this work. Figure 2.9 shows that above a critical value of Rm the KS field is

capable of dynamo action, this is certainly crucial to our future work! As mentioned the

goal of the study was to study the morphology of the field and some interesting results

were found relating the typical thickness of the magnetic structures to the magnetic

Reynolds number, using Minkowski functionals [Schmalzing and Górski, 1998]. Figure

2.10 shows an iso-surface plot of the growing field in a typical KS simulation. In

these simulations the evolution of the field was performed by numerically solving the

induction equation (Eq. 1.29) on a periodic mesh using a finite-difference scheme. The

primary aim of this thesis is to find a different way of modelling the evolution of a

magnetic field in the same flow, by following the motion of magnetic field lines subject

to Alfvén’s frozen flux theorem (Eq. 1.39). For this study to be successful it is necessary

to be able to compare the resulting field to the field generated by the induction equation,

and so the study by Wilkin et al. is incredibly useful. Before we move on and introduce

our new model (the flux rope dynamo) we consider the stretching properties of the KS

model. A dynamo is driven by the stretching of the magnetic field due to the action of
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Figure 2.7: Energy spectrum from the periodic KS obtained by using an FFT of the full velocity
field; the slope of the dashed line is −5/3. The red dots show results from the ‘standard’ periodic
model, the black dots show results from a simulation where the wavenumbers are forced further
apart. Indeed the wavenumbers used can be found in figure 2.8, in both simulations N = 20.
Note the poor spectrum obtained when we do not force the wavenumbers apart.

the flow. Hence a comparison between the stretching properties of this relatively new

flow and those from the literature seems a wise move.
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Figure 2.8: Comparison of wavenumbers used in KS simulations. On the left are the wavenum-
bers generated using the our initial algorithm for generating periodic wavenumbers. On the
right are the wavenumbers used when a ‘bubble’ is placed around each wavenumber preventing
them from clustering.
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Figure 2.9: The growth (or decay) rate of the r. m. s. magnetic field versus the magnetic
Reynolds number for a fixed kinetic Reynolds number, with a Kolmogorov spectrum; note that
σ = 0 for Rm = Rm,cr ≈ 753. Taken from Wilkin et al. [2007]
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Figure 2.10: The B2 = 3〈B2〉 isosurfaces of the energy density of a growing magnetic field for
Rm = 1570.5, taken from Wilkin et al. [2007]
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Chapter 3

Stretching in a model of a

turbulent flow

3.1 Introduction

Measures of stretching, such as the Lyapunov exponent, are important tools for un-

derstanding the nature of dynamical systems. For example, the maximum Lyapunov

exponent can provide information about the complexity of an attractor via the Kaplan-

Yorke dimension [Froehling et al., 1981], or the rate of loss of information in the system

[Wales, 1991]. The full use of Lyapunov exponents in turbulent flows is far too great to

list here; examples range from probing the onset of turbulence [Brandstater and Swinney,

1987], to detecting inhomogeneity in hydromagnetic convection [Kurths and Brandenburg,

1991]. Another interesting application arises in dynamo theory; it was shown by Vishik

[1989] that Lyapunov exponents provide an upper bound for the growth rate of a fast

dynamo. Also a non-trivial combination of Lyapunov exponents gives an exact growth

rate for the small scale turbulent dynamo [Chertkov et al., 1999].

Motivated by the success of the KS model and its applications in magnetohydrody-

namics, our aim is to check the agreement between the model and turbulent flows with

respect to Lyapunov exponents. It has been shown that the KS model exhibits La-

grangian chaos [Fung and Vassilicos, 1998; Malik and Vassilicos, 1999]; we shall quan-

tify this feature using the largest Lyapunov exponent.

The maximum Lyapunov exponent in a flow directly relates to the rate of strain of

the flow, which in a turbulent flow is dominated by the small-scale motions, determined

by the kinematic viscosity ν. Viscosity is absent in the KS model, however we do have a

well defined Kolmogorov length-scale 2π/kN , which, for a fixed value of 2π/k0, increases

with Re. Hence, while we may expect the maximum Lyapunov exponent to scale with

Re in the KS model, we should be tentative with any comparisons with a ‘real’ turbulent

flow.
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Chapter 3. Stretching in a model of a turbulent flow

3.2 The Lyapunov exponents

To obtain the spectrum of Lyapunov exponents, λi, we measure the average rates of

exponential divergence of nearby fluid particle trajectories. If the system is chaotic,

at least one Lyapunov exponent is positive. The procedure to calculate the Lyapunov

exponents consists of monitoring the evolution of an infinitesimal fluid sphere moving

with the flow. The sphere, deformed by the flow, rapidly becomes an ellipsoid. Then

the Lyapunov exponents are defined as

λi = lim
t→+∞

1

t
log2

pi(t)

pi(0)
, (3.1)

where pi(t) is the ellipsoid’s ith principal axis, and i = 1, 2, 3. Another feature of the

KS flow is that it is time reversible (unlike ‘real’ turbulence), therefore the second

Lyapunov exponent vanishes [Benettin et al., 1976; Bec et al., 2006]. We now consider

two remaining exponents, which must have opposite signs, λ1 = −λ3, since the flow is

incompressible (∇ · u = 0), the sum of the Lyapunov exponents must be zero. Hence

we only need to calculate one exponent, λ = max(λi). Following Wolf et al. [1985],

consider a sphere whose centre, at x0, moves along a trajectory defined by

d

dt
x0(t) = u(x0, t), (3.2)

with u obtained from Eq. (2.1). As the sphere follows a trajectory in the flow, its shape

is deformed to an ellipsoid by stretching and compression. To the linear approximation

in the sphere radius ξ, x0 remains the centre of the deformed ellipsoid. Positions of the

points on the surface of the sphere ξ = x − x0, where x0 is the position of the centre

of the ellipsoid, obey the linearised equations of motion

d

dt
ξi(t) = Dijξj , (3.3)

whereDij = ∂ui/∂xj and the summation convention is assumed. We integrate Eqs. (3.2)

and (3.3) numerically, using the Runge–Kutta scheme outlined earlier. We must nor-

malise ξ at regular intervals to keep the linearisation valid. We then take the temporal

average of the magnitude of ξ to recover the maximum Lyapunov exponent. Finally,

we average the results over 500 particles to improve statistics. Since detailed behaviour

of λ can vary significantly between different realisations of the flow, we further take

an ensemble average over 50 different realisations of the KS model with the same non-

random parameters. The results of one such run are shown in Fig. 3.1.

Before beginning the simulations, the code was tested by computing Lyapunov

exponents for some well known chaotic flows [Sprott, 2003]. In particular we test our

code using the Lorenz system, a highly simplified version of the Navier-Stokes equations
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Figure 3.1: The average Lyapunov exponent obtained from averaging over 500 particles within
several realisations of the flow (2.1) is shown with dashed lines. The average over 50 realisations
of the flow is shown with solid curve. The flow has N = 20, k1 = 6 and kN = 90.

[Lorenz, 1963]. The equations of motion for the system are,

ẋ = σ(y − x),

ẏ = x(ρ− z) − y,

ż = xy − βz,

(3.4)

we choose σ = 16.0, ρ = 45.92, and β = 4.0. These are commonly chosen parameters

to force the system into chaotic behaviour. With these choices Sprott [2003] shows

that the maximum Lyapunov exponent is 2.16. In Fig. 3.2 we show the results from

our code, replicating the famous shape of the attractor and the correct value for λmax.

Confident in our numerical code we now consider Lyapunov exponents in the KS model,

and in particular their relationship with the Reynolds number of the flow.

3.3 Scaling of the Lyapunov exponent with the Reynolds

number

We now determine how λ scales with the properties of the flow. We begin by consider-

ing the relationship between the maximum Lyapunov exponent, λ, and the Reynolds

number, Re. Following Ruelle [1979], we increase Re by introducing smaller scales (i.e.,

increasing kN ), keeping the same number of modes and the same k1 = 1. In this way
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Figure 3.2: The results from our code with the Lorentz system. The first plot shows a trajectory
of a tracer particle in the flow, showing the famous butterfly’s wings shape. Below this is a plot
of the Lyapunov exponent, shown with a logscale, which shows the convergence to 2.16
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Figure 3.3: (a) λ against Re with error bars, with N = 40 in each realisation and p = 5/3.
Errors are calculated from the scatter in λ between different trajectories in each realisation,
and between different realisations. (b) As in (a), but with the line of best fit shown dashed,
giving α ≈ 0.38.

we introduce motions with higher velocity shear rate. The maximum Lyapunov expo-

nent is the modulus of the long-term average of the velocity gradient in the Lagrangian

frame. In fully developed turbulence this is related to the turnover time of the smallest

eddies, where the turnover time of an eddy of size ℓ is

τ(ℓ) ∼ τL

(
ℓ

L

)1−h

, (3.5)

where L is the integral scale, U the corresponding velocity (with τL = L/U) and h the

Hölder exponent of the velocity field, introduced as

u(ℓ) ∼ U

(
ℓ

L

)h

. (3.6)

Then λ scales with Re as

λ ∼ 1

τν
∼ 1

τL

(
ℓν
L

)h−1

∼ 1

τL
Reα, (3.7)

where α = (1 − h)/(1 + h) and ℓν = 2π/kN is the Kolmogorov length scale. For the

Kolmogorov spectrum, p = 5/3, we have h = 1/3 and α = 1/2.

Our numerical simulations, illustrated in Fig. 3.3 , show that the largest Lyapunov

exponent of the KS model scales as λ ∝ Re0.38, thus α is smaller than Ruelle’s predic-

tion. This difference may arise from the lack of sweeping of the small eddies by the

large eddies in the KS model. In KS, like in real turbulence, velocity is determined by

the large scale ‘eddies’, and velocity gradients are determined by the small scale mo-
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tions. But, the Lyapunov exponent is related to velocity gradients in the Lagrangian

frame, hence the lack of advection of the small eddies is important. Because of the

lack of advection, the Lagrangian correlation time of eddies of size 1/kn is 1/kn, not

1/ωn ∼ 1/k
3/2
n . The maximum Lyapunov exponent is related to this correlation time,

hence there is a reduction in the expected value of λ, that grows with Re.

Hence we must be careful when applying the KS model to areas where stretching

is important, especially if we are comparing results with DNS, and scaling with Re.

Dynamo action is one such area.

3.4 Lyapunov exponents, spectral slope and stagnation

points

Since the shear rate increases with the wave number for a sufficiently steep spectrum,

the main cause of stretching are the small scale motions, described well by the KS

model. Therefore, we should not be too worried about the discrepancy described at the

end of the previous section. Of our primary interest here (motivated by the saturation

of the fluctuation dynamo) is the effect of the slope of the energy spectrum plays on

stretching. Cattaneo et al. [1996] showed, using a simple chaotic velocity field, that

as a dynamo saturates, Lagrangian chaos in the flow is suppressed. With a complex

multi-scaled flow such as turbulence this effect would remove energy from small scales

first, stimulating us to study the effect of steepening the spectrum on λ. To study

how λ depends on p, we fix kn and kn/k1 and change the spectral slope p in Eq. (2.6).

The resulting values of λ, shown in Fig. 3.4, have been obtained by averaging over 500

particles in the same flow. These results confirm that the largest Lyapunov exponent

is controlled mainly by the smaller scales: as less energy is given to the small scales, λ

decreases. The next logical step is to investigate the effect of p on the scaling parameter

α. Indeed, h = 1
2(p− 1) in Eq. (3.6) and then

λ ∝ Re(3−p)/(1+p), (3.8)

from Eq. (3.7). This dependence is shown dashed in Fig. 3.5 along with the results

from our simulations. As before, our estimates of α are smaller, but we expect this

due to the absence of sweeping. If KS is to be used in areas sensitive to stretching,

we suggest the inclusion of the advection of small eddies [Fung et al., 1992]. We would

then expect the value of α to be closer to Ruelle’s prediction. This would clarify the

role of the advection of eddies on the scaling. What we do know is that the amount

of stretching in the KS model scales with the small scale motions, hence a comparison

with stagnation points in the flow is natural.

It can be expected that the velocity shear rate, and hence the amount of stretching,
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Figure 3.4: The maximum Lyapunov exponent λ plotted against the spectral slope p.
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Figure 3.5: Our estimate of the scaling parameter α plotted against the spectral slope p. The
dashed line shows predicted values of α based on Ruelle’s work.
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Figure 3.6: ux(x) shown for 100 modes in the solid line and 10 modes in the dashed line.
With an increased number of modes the probability of each component being zero at a point
increases, hence an increase in the number of stagnation points. A diagnostic of the shear
rate, S = | ∂vi

∂xj

∂vi

∂xj
| (summation convention assumed) also grows with N : S = 11.26 ± 1.29 and

17.75 ± 0.44, for N=10 and 100, respectively (averaged over 500 realisations).

is maximum near stagnation points where velocity changes most rapidly in space. The

number of stagnation points per unit volume (and hence the total magnitude of velocity

shear) is sensitive to the number of modes in the KS model. The smaller is the value of

kn+1−kn for large n, the more numerous will be the stagnation points [Vassilicos, 2007],

see Fig. 3.6. Although our velocity field is time-dependent, it has infinite correlation

time, so that the density of stagnation points varies little in time. We computed the

maximum Lyapunov exponent for fixed kN/k1 and p, but with an increasing number

of modes, N . Since the number of stagnation points in the flow increases with N , we

expect that λ increases too. Fig. 3.7 confirms this and also shows that λ saturates as

N grows. The abundance of stagnation points in the flow can be quantified using what

we call the volume filling factor fV (ℓν) calculated as

fV (ℓν) =
1

N3
b

Nb∑

i,j,k=1

H(0.05urms − |u(xi, yj , zk)|), (3.9)

where the summation is extended over all the mesh points in the computational box,

Nb is the number of mesh points along each direction, urms is the root-mean-square
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Figure 3.7: Plot of λ against N , showing saturation of λ as N increases
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Figure 3.8: Error bar plot of fV (ℓν) against λ with line of best fit, λ ≈ 63.5fV (ℓν) − 7.7,
suggesting a linear relationship. Calculating the error in λ is explained in Fig. 3.3, for error
in fV we take error between realisations.

velocity, and H is the Heaviside function,

H(x) =

{
0, if x < 0,

1, if x ≥ 0.
(3.10)
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Thus defined, this the fractional volume of the region where |u| ≤ 0.05urms. We calcu-

lated fV (ℓν) in a KS flow with 10 ≤ N ≤ 32 modes with Nb = 128 in a box whose size

is 2π/k1, the largest scale in the flow, and we average over 500 realisations of the flow.

Fig. 3.8 shows a scatter plot of λ versus fV (ℓ) for an increasing number of modes in

the model. Despite the large error bars, the data suggests a linear relationship. The

magnitude of the errors may be due to the variation between different realisations of

the flow.

3.5 Conclusions

Our simulations confirm that the KS model reproduces, to a reasonable extent, the

stretching properties of turbulent flows, including the scaling of the maximum Lya-

punov exponent with the Reynolds number, despite the fact that the latter can only

be introduced formally in the KS model. The model values of the Lyapunov exponent

are always smaller than theoretical predictions for turbulent flows; we attribute this to

the lack of advection of the small eddies by the large eddies in the model. Finally our

results suggest a linear relationship between the number of stagnation points in the

flow and λ.

Both this, and the previous chapter have focused purely on hydrodynamics. In

the next four chapters we turn our attention back to magnetohydrodynamics, and in

particular the fluctuation dynamo problem. We first motivate and then introduce our

new model (§4), comparing it to the ‘standard’ numerical model widely used in the

literature. We then present two methods to include a nonlinearity in the model, one

which filters out wave motion (§5.2) and one where we can directly model Alfvén waves

(§5.3). In chapter 6 we present some remarkable results from our model, comparing

both the magnitude and statistics of the energy release rates from a reconnection based

dynamo and diffusive dynamo. Finally in chapter 7 we discuss a future avenue of

research using the flux rope model; examining the conservation of magnetic helicity.
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The Flux Rope Model

4.1 Introduction

In this chapter we outline the basic algorithms of our new model for the fluctuation

dynamo. In §4.2.1, §4.2.3 and §4.2.4 we test the validity of the model by subjecting it

to some simple test flows. Encouraged by these results we close the chapter (§4.4) by

comparing our new model to the ‘standard’ diffusion based approach.

As we discussed in our opening chapter (§1.2) the evolution of the magnetic field

B embedded in a velocity field u is governed by the following closed equation:

∂B

∂t
= ∇× (u × B) + L̂B, (4.1)

where L̂ is an operator describing the magnetic dissipation.

In rarefied astrophysical plasmas, such as the Solar corona, hot gas in spiral and

elliptical galaxies, galactic and accretion disc halos, and laboratory plasmas, an impor-

tant (or even dominant) mechanism for the dissipation of magnetic field is the recon-

nection of magnetic lines rather than magnetic diffusion [Priest and Forbes, 2000], the

latter modelled with L̂ = η∇2 (if η = const). Discussions of astrophysical dynamos

often refer to magnetic reconnection, but attempts to include features specific of mag-

netic reconnection into dynamo models are very rare [see however Blackman, 1996].

On the other hand, theories of magnetic reconnection (and the resulting estimates of

the plasma heating rate) rarely, if ever, refer to the dynamo action as the widespread

mechanism maintaining magnetic fields. Our new model attempts to bridge the gap

between the two major topics of astrophysical magnetohydrodynamics (dynamos and

reconnections) by developing a dynamo model which explicitly incorporates magnetic

reconnections.

The nature of the dissipation mechanism is important for the dynamo action as it

affects the growth time of magnetic field, its spatial form and the rate of plasma heating
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Figure 4.1: A schematic representation of the magnetic dissipation operator L̂ in Fourier space:
usual diffusion L̂k ∝ k2 (dash-dotted), hyperdiffusion L̂k ∝ k4 (dashes) and reconnections at a
scale d0 as described by our model (solid).

by the electric currents. As we discussed in §1.2.5, dynamo action with hyperdiffusion,

L̂ = −η1∇4 (and with a helical u) has larger growth rate and stronger steady-state mag-

netic fields than a similar dynamo based on normal diffusion [Brandenburg and Sarson,

2002]. This is not surprising, as the hyperdiffusion operator, having the Fourier depen-

dence of k4, rather than the k2 dependence of normal diffusion, has weaker magnetic

dissipation at larger scales as shown in Fig. 4.1. This allows the magnetic field to

grow unimpeded by dissipation as magnetic dissipation is confined to relatively small

regions. The release of magnetic energy in smaller regions (and larger current densities)

in hyperdiffusive dynamos may also lead to a higher rate of conversion of kinetic energy

to heat via magnetic energy. In §6 we demonstrate that this statement is especially

true in the case of magnetic reconnections.

Magnetic hyperdiffusion also appears in the context of continuous models of self-

organised criticality in application to the heating of the Solar corona [Charbonneau et al.,

2001]. The aim of such models is to reproduce the observed frequency distribution of

various flare energy diagnostics. As we show here, our model exhibits a power-law

probability distribution of the magnetic energy release similar to that observed in the

Solar corona.

Magnetic reconnection may correspond to an even more extreme form of the dissipa-

tion operator than the hyperdiffusion: here magnetic flux tubes dissipate their energy

only when in close contact with each other, so that the Fourier transform of L̂ should

be negligible at all scales exceeding a certain reconnection length d0 (see Fig. 4.1). It
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Figure 4.2: The algorithm for inserting new trace particles in a stretched (left to right) or
contracting (right to left) magnetic flux tube. If the distance between any two trace particles
(shown with red/open circles) exceeds a length scale d, a new particle is inserted between the
two particles shown with a blue/filled circle. The label at each particle represents magnetic
field strength at that location

is then natural to expect that dynamos based on reconnections (as opposed to those

involving magnetic diffusion) will exhibit faster growth of magnetic field, more inter-

mittent spatial distribution and stronger plasma heating. In our new model we consider

dynamo action based on direct modelling of magnetic reconnections. For this purpose,

we follow the evolution of individual closed magnetic loops in various flows (known

to support dynamo action) and reconnect them directly whenever they come into a

sufficiently close contact, with appropriate magnetic field directions. First results of

our simulations can be found in [Baggaley et al., 2009].

4.2 The flux rope model

We model the magnetic field by considering the evolution of thin flux tubes, frozen into

a flow, each with constant magnetic flux ψ. We first focus on the kinematic behaviour,

where the velocity field is independent of magnetic field. Later we shall introduce the

Lorentz force into the system to account for the back reaction of the magnetic field on

the velocity field. To ensure that ∇ ·B = 0, we require that our flux tubes always take

the form of closed loops. Numerically, we discretise the loops into fluid particles and

track their positions and relative order (i.e., magnetic field direction) by introducing a

flag P , whose value increases along a given magnetic flux tube. Initially the particles

are set a small distance apart, 0.75d, where d is a certain (small) constant length

scale. If, during the evolution of the loops, the distance between two neighbouring
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fluid particles on a loop becomes larger than d, we introduce a new particle between

them, as illustrated in Fig. 4.2. We use linear interpolation to place the new particle

halfway between the old ones. For example if inserting a new particle xc between

particles xa and xb the position of the new particle is given by,

xc = 1
2(xb + xa). (4.2)

The separation between the new particles is thus greater than 0.5d – a feature which

will be important when we consider removing particles. The effective spatial resolution

of our model is thus close to d. We shall discuss later a prescription for xc which is

more accurate than Eq. (4.2).

Each particle is also assigned a flag B which denotes the strength of the magnetic

field at that position on the loop. Assuming magnetic flux conservation and incom-

pressibility, the magnetic field strength in the flux tube is proportional to its length.

Initially the magnetic field is constant at all particles in each loop, B = 1. However,

when a new particle is introduced, the magnetic field is doubled at certain particles,

as shown in Fig. 4.2. Importantly, the field strength is increased at two out of three

particles involved: this prescription emerged from our experimentation with various

schemes, and allows us to reproduce the evolution of magnetic field strength in a shear

flow. Conversely, when the flow reduces the separation of particles to less than 0.5d,

we remove a particle. The value of the magnetic field strength flag is also halved on

the remaining particles in a manner consistent with the above algorithm. We have

verified that this prescription reproduces accurately an exact solution of the induction

equation for a simple shear flow.

Results presented below have been obtained with a typical number of trace particles

of order 104.

4.2.1 Shear flow test

In order to test our model we consider a two dimensional shear flow with a Gaussian

profile,

u = (ux, 0) , ux = u0e
−y2/2, (4.3)

and a flux tube extended across the flow from y = −∞ to +∞. For L̂B = 0, Eq. (4.1)

can easily be solved exactly to yield,

|B| = B0

√
1 + u0y2e−y2t2, (4.4)
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Figure 4.3: |B| at a specific position (y = 1.) in a shear flow (4.3) whose velocity is reversed
at t ≈ 20. The dashed line shows the analytic solution (4.4), and numerical results are shown
with solid line. The initial field strength is B = 1.

where B0 is the initial field strength. Since,

∫

V
|B| dV =

∫ ∞

−∞
ψ(l) dl ∝ L, (4.5)

where ψ = const is the magnetic flux and L is the length of the flux tube, and since B

is independent of x, we have

L ∝ B0

∫ ∞

−∞

√
1 + u0y2e−y2t2 dy. (4.6)

We find excellent agreement between Eq. (4.6) and our numerical solution. In Fig. 4.3

we plot |B| at a fixed value of y versus time to compare it with Eq. (4.4). The compar-

ison is quite satisfactory; the step-wise change in the numerical solution for B arises

because, in this simple flow with the shear rate slowly varying in space, many new

trace particles are introduced simultaneously as the flux tube is stretched, and then

no particles are added for some time until the next series of particle insertions. After

t ≈ 20, we reverse the flow to observe that the particles and magnetic field return to

their initial states, to demonstrate that our algorithm correctly describes the contrac-

tion of the flux tubes as well. Fig. 4.4 shows that the flux tube adopts the shape of

the flow before the flow field is reversed, colour coding indicating the magnetic field

strength.
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Figure 4.4: The shape of the flux tube stretched by the flow, given in Eq. (4.3) at t = 2.7.
Colour coding shows the magnetic field strength according the key (right), B0 = 1.

4.2.2 Reconnections

Reconnections are introduced into the model in a straightforward manner. If the sep-

aration between two particles, which are not neighbours, becomes less than a certain

scale d0, we reconnect their associated flux tubes by reassigning the flags P which

identify the particles ahead and behind those involved in the reconnection, as shown in

Fig. 4.5. We found that d0 has to be comparable to the separation of the trace particles,

d, in order to obtain meaningful numerical results, e.g., d0 = 1.5d. Two particles are re-

moved from the system after each reconnection event, those labelled P = 2 and P = 12

in Fig. 4.5, and their magnetic energy is lost, presumably to heat. We also monitor the

cross product of the tube tangent vectors close to the reconnection point. By ensuring

that the magnitude of the cross product is smaller than some tolerance ǫ ≈ 10−2 and

that the magnetic fields in the reconnecting loops are (almost) oppositely directed, we

prevent parallel flux tubes from reconnecting. In Fig. 4.6 we show snapshots from a

simulation before and after two simultaneous reconnection events. Since we monitor

the amount of magnetic energy released in each reconnection event, we know the total

magnetic energy released by the reconnections over any given time period. Finally

we introduce a minimum loop size of 3d, i.e., no magnetic loop can contain less than

three particles. Any smaller loop is removed from the system, releasing its energy. We

shall see later that this cutoff is important when we take derivatives along the loops to

calculate magnetic tension.
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Figure 4.5: Reconnection occurs when the distance between two trace particles reduces to d0

(left); the connection of the particles on a magnetic flux tube changes after the reconnection
(right).

Figure 4.6: Snapshots of two simultaneous reconnection events, before the reconnection (top)
and after (bottom). Note the change of connections of the flux ropes after the reconnection.
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4.2.3 Flux expulsion

We test the reconnection algorithm by considering magnetic flux expulsion from a region

with closed streamlines [Moffatt, 1978]. Consider an initially uniform magnetic field

B0, in our case a single flux tube extended over −∞ < y <∞ along x = 0. Differential

rotation is applied to the field, with velocity given in cylindrical polar coordinates by

u = (uρ, uθ), uρ = 0, uθ =
1√
2π

exp

(
− ρ2

2σ2

)
. (4.7)

Solutions of the induction equation grow linearly in time until a maximum magnetic

field is achieved,

|B|max = O(R1/2
m )B0, (4.8)

where Rm is the magnetic Reynolds number, after which magnetic diffusion destroys

the field in the rotating region. We find a similar scaling of the maximum magnetic

field strength, Brms, max with the dimensionless quantity

R̃m =
u0l0
urd0

, (4.9)

which we identify as the effective magnetic Reynolds number. Here u0 and l0 are

typical velocity and length scales respectively, d0 is the reconnection length, and ur is

the characteristic reconnection speed. In the case of the Gaussian vortex this is taken

as the relative velocity of the approaching flux tube. Figure 4.7 shows snapshots of a

typical simulation as it proceeds: the magnetic field after one winding (t = 5.0), in a

state close to the maximum field strength (t = 40.0), as the reconnections start to drive

the destruction of the field (t = 46.5), and finally the quasi-steady state (t = 200.0).

The first plot in Fig. 4.8 shows the corresponding values of Brms versus time; the linear

growth before the onset of reconnections is apparent. The second plot in Fig. 4.8

shows the power-law relationship between Brms,max and R̃m: the slope of the fit shown

is 0.54 ± 0.21, in a reasonable agreement with Eq. (4.8).
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Figure 4.7: Flux expulsion by differential rotation (4.7): the form of magnetic line initially
aligned with the y-axis at different times indicated in the corner of each frame. The field
strength grows as the magnetic line is wound around by the differential rotation. Eventually
the separation of neighbouring turns becomes less than d0 and reconnections destroy the field.
Magnetic field strength is colour coded as in Fig. 4.4.

63



Chapter 4. The Flux Rope Model

0 50 100 150 200 250 300
10

15

20

25

30

35

40

45

50

t

B
rm

s

2.5 3 3.5 4 4.5 5 5.5
3.4

3.6

3.8

4

4.2

4.4

4.6

4.8

5

log R̃m

lo
g
B

rm
s,

m
a
x

Figure 4.8: The left panel shows the root-mean-square magnetic field strength Brms as a
function of time for the simulation shown in Fig. 4.7. The right panel represents the scaling of
the maximum values of Brms among eight simulations with decreasing d0. The line of best fit,
shown dotted, has the slope 0.54 ± 0.21

4.2.4 Zel’dovich antidynamo theorem revisited

As a final test we revisit the Zel’dovich antidynamo theorem, which we presented in

§1.2.4. We aim to ensure that the flux rope dynamo can not be supported by driving

the model with a two dimensional flow, i. e. u = (ux, uy, 0). Our setup is a single

flux loop in the xy–plane which is driven by the KS velocity field (see Eq. (2.1)) with

uz = 0. We sum over 20 modes with k1 = 2π and kN = 16π, our reconnection scale,

d0 = lN/4. Figure 4.9 shows the results of this experiment; whilst there is initial growth

in the field the end result is a destruction of the field by reconnections.

4.3 Driving velocity fields

For all the results presented in the next few chapters we use both the KS model intro-

duced in chapter 2, and the ABC flow discussed in section 1.2.5. We remind ourselves

that using the KS model, the velocity field is defined as:

u(x, t) =
N∑

n=1

(An × kn cos(kn · x + ωnt) + Bn × kn sin(kn · x + ωnt)) . (4.10)

All the results presented in the remainder of the thesis in have been obtained with

k1 = 2π and kN = 16π, so that the smallest velocity scale is lN = 2π/kN = 0.125. For

comparison, the reconnection scale is adopted as d0 = lN/4 unless stated otherwise.

With this prescription, the effective magnetic Prandtl number in our model is larger

than unity. To check if our results depend on the form of the flow, we also use an ABC
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Figure 4.9: The r. m. s. magnetic field strength in a simulation with a two dimensional
velocity field. With an incompressible two dimensional chaotic flow there are two non–zero
Lyapunov exponents λ1 = −λ2. Without a third dimension any growth in the field is countered
by contraction, and eventually dissipation.

Figure 4.10: The distribution of |u| in the 111 ABC flow Eq. (4.11) is shown in colour, with the
magnetic isosurfaces with |B| = 3.5Brms, obtained by solving the induction equation, shown
in grey scale. Each point on a 3D mesh is assigned an opacity and colour, depending on |u|.
Regions with |u| > 2.5urms are coloured purple and those where |u| ≈ 0 are coloured blue.
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flow of the form [Childress and Gilbert, 1995],

u = (cos ky + sin kz, sin kx+ cos kz, cos kx+ sin ky) , (4.11)

known as the 111 ABC flow. Dynamo action driven by ABC flows has been stud-

ied extensively [Galloway and Frisch, 1986]. This particular flow has eight stagnation

points for 0 < kx < 2π. In the plane in which the flow converges to a particular stag-

nation point, the magnetic field is advected, and becomes elongated in the direction

of the streamlines which diverge from the stagnation point. The resulting magnetic

structures are commonly described as ‘magnetic flux cigars’ [Dorch, 2000]. Figure 4.10

shows such magnetic structures produced by our numerical solution of the induction

equation, along with the corresponding velocity field.

4.4 Diffusive and reconnection-based dynamos

Comparisons of the solution of the induction equation with those produced by the flux

rope model are not straightforward because of the difference in the control parameters

of the two models: the magnetic Reynolds number Rm = u0l0/η and the reconnection

length d0, respectively. Following the previous section, we introduce the effective mag-

netic Reynolds number as R̃m = u0l0/(urd0), where ur is the characteristic reconnection

speed.

We find that the dynamo based on reconnections is more efficient than the diffusion-

based dynamo, in the sense that the growth rate of magnetic field of the former is

significantly larger when Rm ≈ R̃m. Therefore, in order to achieve conservative con-

clusions, we compare dynamos with similar growth rates of magnetic field. Thus, we

have Rm > R̃m in the models which we compare.

An advantageous property of both KS and ABC flows is their analytic nature, which

means that we can follow (Lagrange-like) fluid particles in the flow without using an

Eularian mesh. The initial condition of our simulations is an ensemble of random closed

magnetic loops; both the induction equation and the flux rope model are evolved with

the same velocity field (apart from the overall normalisation to provide comparable

growth rates of magnetic field). The initial condition for the induction equation is

obtained by Gaussian smoothing of the magnetic field in the ropes, where we define

the smoothed field B̃(x), as

B̃(x) =
1

2πσ2

∫

V
e−|x−y|2/2σ2

B(y) dy3. (4.12)

Importantly, this procedure preserves the solenoidality of the field, i. e., ∇ · B̃ = 0.

Figure 4.11 shows the smoothed initial magnetic field used in a typical simulation,
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Figure 4.11: Initial conditions for the magnetic field in the ABC and KS simulations. The
upper panel shows the initial set of flux ropes populated by the trace particles. The lower
panel presents a direct volume rendering of a similar set of closed flux ropes, but now smoothed
using a Gaussian kernel (4.12). The smoothed magnetic field is used to initialise the induction
equation simulations.
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Figure 4.12: Direct volume renderings of the velocity and magnetic fields respectively. Pur-
ple/blue highlights areas of the field with a strong magnitude, where red/yellow are areas where
the respective field is weak, in comparison to the r. m. s. field. All direct volume renderings
are produced using the VAPOR software package, for further information see Appendix B

along with the corresponding flux rope setup.

The induction equation is solved using the Pencil Code [Brandenburg, 2002],

which implements a high-order finite-difference scheme, on a 2563 mesh with 1000 <

Rm < 1500 in a periodic box. Simulations with the KS velocity field had k1 = 2π,

kN = 16π, and p = −5/3; here Rm is based on the largest velocity scale 2π/k1. Figure

4.12 shows the structure of the driving flow and the resulting magnetic fields. In a

separate simulation flux ropes are advected and stretched by the same velocity field,

where the positions of the trace particles are evolved using a 4th order Runge–Kutta

scheme (see §2.4.1), with a time step of lN/(20uN ). The algorithm for inserting and

removing particles is applied every time step, and the reconnection algorithm, every

ten time steps. We choose d to be 1/4 of the smallest length scale in the flow and set

d0/d = 1.5, where d0 is the reconnection length scale.

In Fig. 4.13 we present snapshots of the magnetic field from the flux rope simula-

tions, driven by the KS flow, as it evolves, Fig. 4.14 shows the corresponding evolution

in the ABC flow. In the ABC flow, in particular, one notices an anticorrelation be-

tween the curvature of the flux tube and the magnetic field strength (colour coded) as

suggested by Schekochihin et al. [2002a].

Our model is deliberately oversimplified with respect to the (incompletely under-

stood) physics of magnetic reconnections. Nevertheless, we can argue that our model

is conservative with respect to the reconnection efficiency. The reconnecting segments

of magnetic lines in our model approach each other at a speed ur ≃ u0Re−1/4 for

the Kolmogorov spectrum, equal to velocity at the small scale d0 ≪ l0 with l0 the
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Figure 4.13: The evolution of magnetic flux tubes in the KS flow: snapshots taken at times
given in the upper right corner of each panel. Magnetic field strength is colour coded, with the
colour bar shown next to the last snapshot. Note the overall increase of magnetic field strength
as time proceeds.

energy-range scale of the flow and d0 assumed to be close to the turbulent cut-off scale.

If the magnetic field is strong enough, the Alfvén speed VA, which controls magnetic

reconnection in more realistic models, is of order u(l0). Then ur ≪ VA and our model

is likely to underestimate the efficiency of reconnections. The Sweet–Parker reconnec-

tion proceeds at a speed of order VAR
−1/2
m , whereas the Petschek reconnection speed is

comparable to VA/ lnRm (see §1.3). For u0 ≃ VA and Rm ≃ Re ≫ 1, the reconnection

rate in our model is larger than the former but much smaller than the latter.

In the next chapter we shall demonstrate that the model can be extended to include

nonlinear effects, and probe the nature of the saturation mechanism for the fluctuation

dynamo.
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Figure 4.14: As in Fig. 4.13, but for the 111 ABC flow. Magnetic field has been stretched into
‘flux cigars’ which are even more apparent when the field is later smoothed.
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Chapter 5

Coupling with the Navier–Stokes

equation and dynamo saturation

5.1 Introduction

A remarkable feature of the model of reconnecting magnetic flux tubes suggested here is

that is admits straightforward extension to include the back-reaction of magnetic field

on the flow via the Lorentz force. Such a generalisation is presented in this chapter.

To obtain a flow similar to the KS flow (2.1) as a solution of the Navier–Stokes

equation, we include a driving force shown here after the viscous term:

Du

Dt
= −∇P

ρ
+

J × B

4πρ
+

1

Re
∇2u +

uKS − u

τ
, (5.1)

whereD/Dt = ∂/∂t+u·∇ is the convective (Lagrangian) derivative, Re is the Reynolds

number, uKS is the KS velocity field (2.1), and τ is a certain relaxation time. The

smaller the value of τ , the closer u is to the KS flow.

In our model we assume that magnetic field is localised within flux ropes, whose

cross-sectional area depends only on local field strength, due to conservation of magnetic

flux. We can make use of vector identities to decompose the Lorentz force into two

distinct components

J × B = (∇× B) × B = (B · ∇)B − ∇B2

2
, (5.2)

where the first term on the right hand side is called the magnetic tension force, and

the second term is magnetic pressure.

To be consistent with the prescription that only flux conservation affects the cross-

sectional area of flux tubes, we assume that magnetic pressure is balanced by the

external gas pressure. Hence ∇(P + B2/8π) = 0, and only the magnetic tension force
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remains to be balanced in the Navier–Stokes equation. Neglecting viscosity, Re → ∞,

we then obtain
Du

Dt
=

1

4πρ
(B · ∇)B +

uKS − u

τ
. (5.3)

If magnetic field is confined into thin ropes and aligned with their axes, magnetic

tension involves the directional derivative of magnetic field along the rope axis alone,

(B · ∇)B = B ∂B/∂s, where s is the distance measured along the rope. Thus, it is

sufficient to have magnetic field defined on magnetic loops (rather than at any position

in the volume) in order to calculate magnetic tension force.

We acknowledge that there are certain difficulties with the nonlinearity, in its

present form; in particular the modified velocity field is no longer incompressible. Also

this form of the tension force can create motions parallel to the magnetic field, which

are normally suppressed by magnetic pressure. One alternative, which we are grateful

to Alex Schekochihin for suggesting, is to assume a balance between magnetic pressure

and the parallel pressure force, which arises from a decomposition of the tension force

[Priest, 1982]. This would leave the magnetic curvature force, B2∂B̂/∂s, as the only

component of the Lorentz force in the Navier-Stokes equation. We plan to implement

this interpretation in future simulations and compare with our current results.

With the nonlinearity in its present form we must be tentative with any conclusions

that we draw from the simulations presented in this chapter; motion, due to the Lorentz

force, acting parallel to magnetic field is certainly unphysical. In §5.3 we present

simulations of Alfvén waves where the field is constant, as the propagation of the wave

causes no stretching of the flux tube. Hence the only component of the tension force

is the curvature force, therefore we certainly have the potential to probe the Alfvén

wave cascade with our model. We also expect our results from §5.4 to be robust

as they depend on the effect of the Lorentz force in areas where the curvature of

the magnetic field is large, and so we expect the magnetic curvature force to be the

dominant component of our modified Lorentz force. Where we must be most wary is

with our interpretation of the saturation mechanism of the flux rope dynamo, which

we shall discuss later in the chapter.

Returning to the model, we require a solution of Eq. (5.3) at the changing positions

of the trace particles, so we need, essentially, a Lagrangian solution of this equation.

Assuming that the flow is close to the relaxed state and does not change rapidly, we

put Du/Dt ≈ 0 to obtain the trace particle velocities as

u ≈ uKS + τB
∂B

∂s
, (5.4)

note we have normalised B by (4πρ)1/2. This approximation filters out rapid wave

motions, e.g., Alfvén waves, which simplifies numerical simulations. We use this ap-
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proximation to study the saturation of the dynamo action in § 5.2, where we consider

rather long time intervals.

On the other hand, our model also allows us to include Alfvén waves and their

nonlinear interactions. For this purpose we assume that |Du/Dt| ≫ |uKS − u|/τ and

the Navier–Stokes (or rather Euler) equation reduces to

Du

Dt
≈ B

∂B

∂s
, (5.5)

which, can be coupled with the equation for a frozen-in magnetic field DB/Dt =

(B · ∇)u, written in a similar form:

DB

Dt
= B

∂u

∂s
. (5.6)

Imposing a homogeneous magnetic field B0 and a weak perturbation, and linearising

these equations leads to the wave equation describing the Alfvén waves. Since we

assume that magnetic pressure is precisely balanced by gas pressure, our model does

not admit compressible waves.

The nonlinearity requires that we make two changes to our numerical calculations.

Firstly in our model B ∂B/∂s is only defined at positions on the magnetic line (flux

tube), and so the velocity field can only be evolved at those positions. The fourth-

order Runge–Kutta time stepping scheme used in the kinematic regime is not suitable

as it requires velocity field at positions where magnetic field is not defined. Therefore,

we use the three-step Adams–Bashforth scheme (see Eq. (2.20)) instead to evolve the

positions of the trace particles.

The differentiation of the magnetic field along the flux tubes requires an improved

accuracy for the positions of newly introduced trace particles in a stretched flux tube.

A first-order prescription (4.2) is no longer accurate enough and we replace it by a

second-order interpolation scheme. Consider a section of magnetic line traced by three

particles at positions x1, x2 and x3. If the distance between x2 and x3 becomes greater

than d, we introduce a new particle at the position x4 given by

x4 = x1 − [(x3 − x1) − 4(x2 − x1)]µ

+ [2(x3 − x1) − 4(x2 − x1)]µ
2,

where µ is a parameter. For µ = 0.75, the new particle is placed between x2 and x3 as

required. In tests, in particular with Alfvén waves, we found a substantial improvement

in the accuracy of the solution with this higher-order scheme. However kinematic results

show no quantifiable difference between the two schemes.

The directional derivative of magnetic field has to be calculated carefully in our case
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Figure 5.1: A sketch of tracer particles that populate the flux tubes illustrating Eqs. (5.7) and
(5.9.)

since the separation of trace particles is not constant. We use the following numerical

schemes to evaluate the first derivative:

B′
i =

ℓi−1Bi+1 + (ℓi − ℓi−1)Bi − ℓiBi−1

2ℓiℓi−1
+O(ℓ2), (5.7)

where the notation is defined in Fig. 5.1, with r replacing B. For ℓi = ℓi−1 = h, we

recover a commonly used finite difference scheme.

5.2 Saturated dynamos

Our starting point here is Eq. (5.4) for the velocity field. At each position on a flux tube,

x(i), we calculate the KS velocity field using Eq. (2.1), and modify it with magnetic

tension force. The directional derivative of magnetic field along the tube, ∂B/∂s, is

computed using Eq. (5.7).

The details of the simulations are similar to those in the kinematic regime. We

find our timestep of lN/(20uN ) to be sufficient to capture the dynamics of the motion

(we found no noticeable difference between simulations with the timestep set an order

of magnitude smaller than this). The relaxation time τ is set to be the same as the

timestep, τ = O(10−5).

Figure 5.2 shows the r.m.s. magnetic field strength Brms as a function of time, where

the initial exponential growth is followed, at t & 4, by the saturation of the dynamo

action, with Brms fluctuating around a roughly constant level.

Snapshots of the magnetic ropes shown in Fig. 5.3 illustrate the spatial evolution

of the magnetised region. Unlike virtually all earlier simulations of the fluctuation

dynamo, most often performed in periodic boxes with volume-filling initial conditions,

the initial magnetic field in our simulations is localised in space, as shown in the upper

left panel of Fig. 5.3 (which refers to an early stage of evolution). In the kinematic

stage, t . 4, magnetic field growth is accompanied by the spread of the magnetised

region clearly visible in the first three snapshots. Consistently with the action of
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Figure 5.2: The evolution of the root-mean-square (r.m.s.) magnetic field Brms in nonlinear
dynamo driven by the KS flow (2.1) with the nonlinearity (5.4). Exponential growth at t . 4
is followed by a saturated state where magnetic energy density fluctuates around a roughly
constant level. The unit time is the kinematic time scale at the largest scale in the flow,
t0 = l0/u0.

“magnetic diffusion” ηt ∝ l0u0, the size of the region occupied by magnetic ropes grows

at t1/2. However, the spread is halted in the nonlinear, saturated stage represented

in Fig. 5.3 by snapshots at t = 25, 50 and 85, which suggests that the turbulent

magnetic diffusivity is suppressed in the saturated state. This appears to be a result

of the suppression, by magnetic tension, of random stretching of magnetic field at the

location of a flux rope. In other words, the saturation of the dynamo action is achieved

via the suppression of the effective magnetic Reynolds number, R̃m = l0u0/η̃, where η̃

is the effective microscopic magnetic diffusivity.

This idea is fully consistent with the arguments of Subramanian [1999] who consid-

ered a similar nonlinearity in the Kazantsev model of the fluctuation dynamo [see also

Kim, 1999, 2000; Subramanian, 2003] and also of Schekochihin et al. [2002b, 2004] who

suggested a simple model of the effect of Lorentz force. A general feature of these models

is that the small-scale dynamo saturates because of a ‘renormalization’ of the coeffi-

cients governing its evolution, and the corresponding decrease in the effective magnetic

Reynolds number. This can be the result of enhanced nonlinear diffusion [Subramanian,

1999], increased diffusion together with additional hyperdiffusion [Subramanian, 2003],

or reduced stretching [Kim, 1999, 2000; Schekochihin et al., 2002b, 2004]. Our model

is consistent with the saturation of the dynamo action via the suppression of the mag-

netic Reynolds number, now arising from a reduction of localised random stretching,

or turbulent magnetic diffusivity.
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Figure 5.3: (Colour online) Snapshots of the magnetic loops evolving in the KS flow (2.1) in
both the kinematic stage t . 4 and in the saturated state t & 4, taken from the same run
as Fig. 5.2. Magnetic field strength in the flux tubes is colour coded, with the colour scheme
shown in the bottom right corner. Note the scale of the box remains the same (dimensions
shown at t = 0.6) for all snapshots. Notice the high density of the snapshot when t = 3.9 and
the field is at a maximum. This corresponds to an overshoot in Brms visible in Fig. 5.2 as the
dynamo saturates.
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Figure 5.4: ∆B , the average separation of trace particles arranged along magnetic loops in the
KS flow (2.1), grows rapidly in the kinematic regime of the dynamo, and then remains roughly
constant as soon as the dynamo action saturates at t & 4 when the magnetic tension force
becomes significant.

However, as we discussed earlier, the form of the nonlinearity employed in the

present model allows the Lorentz force to act parallel to the direction of the magnetic

field. This would naturally lead to a reduction in localised stretching; hence it is

possible that the suppression of magnetic turbulent diffusivity is due to the action of

this physically unrealistic force. In future simulations we plan to explore the dynamics

of the flux rope dynamo with only the magnetic curvature force, B2∂B̂/∂s, included

in the system. This should help to further clarify the saturation mechanism of the

fluctuation dynamo, when the field is confined to thin flux tubes.

To clarify further the mechanism of dynamo saturation, in the current model, we

monitored the average separation of trace particles in the flow. At the start of a

simulation each trace particle located on a magnetic loop is assigned a neighbour,

for convenience the particle next to it. As the simulation proceeds, the particles are

advected by the flow, and new particles may be introduced between them, but we

continue to monitor the separation between the original pair of particles. The particle

separation averaged over all the original particle pairs, ∆B, is shown in Fig. 5.4. Indeed,

the separation of the particles stops growing as soon as the dynamo enters the nonlinear

stage. We stress that, at late times, not all pairs of trace particles belong to the same

magnetic loop because of multiple reconnections that often split a magnetic loop into

smaller ones. Thus, the fact that ∆B ceases to grow implies that not only stretching

is suppressed within a single loop, but also that the magnetic loops stop spreading in

space.
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Figure 5.5: ∆u, the average separation of 1000 test particles in snapshots of the KS flow (2.1),
unaffected (solid) and affected (dashed) by magnetic field.

We performed another experiment, where the location of the test particles used to

compute the dispersive properties of the flow was not restricted to the magnetic loops.

To reduce technical problems, we considered two time-independent flows obtained as the

snapshots of the original KS velocity field and of its form affected by magnetic tension

force at a certain moment in the saturated dynamo state. The evolution of the particle

separation (averaged over 500 pairs) is shown in Fig. 5.5, where one can distinguish

the initial exponential growth of the separation, followed by the Richardson regime

∆u ∝ t3/2 when ∆u . l0, and then by the incoherent, diffusive dispersion ∆u ∝ t1/2 at

larger separations. However, the separation of the particles is insensitive to the effects

of the Lorentz force: the two curves in Fig. 5.5 hardly differ from each other. Thus, the

flow has not been strongly affected by the Lorentz force, except for the close vicinity

of the flux tubes.

Importantly, the mean particle separation ∆u is a measure of kinetic turbulent

diffusivity, as opposed to the magnetic one. The former involves the mean square of the

total velocity νt ∝ 〈τu2〉, whereas the turbulent magnetic diffusivity is only sensitive to

the velocity field components orthogonal to the magnetic field, ηt ∝ 〈τu2
⊥〉. Incidentally,

these results imply that the turbulent magnetic Prandtl number is different from unity:

in isotropic flow and magnetic field, Prm = νt/ηt ≃ 3/2; the difference is small but

perhaps significant in some applications. We cannot exclude that this feature is an

artifact of our model where a localised modification of the velocity field by magnetic

tension does not spread into a broader region as it would do due to kinematic viscosity.
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5.3 Alfvén waves

To demonstrate the flexibility of the flux rope model suggested here, we briefly present

simulations of Alfvén waves propagating along an imposed magnetic field. For this

purpose we solve Eqs. (5.5) and (5.6) with a single magnetic flux tube which, initially,

has constant magnetic field. The tube is perturbed as shown in the upper left panel of

Fig. 5.6. The simulation proceeds in a box periodic in the x-direction, and the inter-

action with the ghost wave from the next periodicity cell is seen in the final snapshot

at t = 14.8. We confirmed that the phase speed of the wave is indeed proportional to

the strength of the magnetic field. Since our model admits nonlinear interactions of

Alfvén waves, it can be used to study spectral energy cascades and other features of

the Alfvén wave turbulence.

5.4 Curvature of magnetic lines

Schekochihin et al. [2002a] discuss the geometry of magnetic lines in the kinematic

fluctuation dynamo driven by a single-scale, δ-correlated in time random flow with

high magnetic Prandtl number. They argue that magnetic field strength and magnetic

line curvature should be anticorrelated and derive a power-law probability distribution

function of the magnetic line curvature. These results are used to support the picture of

folded magnetic lines as a representation of magnetic field produced by the fluctuation

dynamo.

The anticorrelation between the curvature of magnetic lines and the strength of

the magnetic field is intuitively appealing since magnetic field strength grows due to a

random stretching of magnetic lines which is necessarily accompanied by a reduction

in their local curvature. However, the stretching is not the only component of the

fluctuation dynamo mechanism. In the framework of the stretch-twist-fold dynamo

concept, stretching must be followed by the folding of magnetic lines to ensure an ex-

ponential growth of magnetic field – and the folding will tend to increase the local

magnetic line curvature. Therefore, an anticorrrelation between magnetic curvature

and strength may be expected for a decaying magnetic field, but perhaps not for mag-

netic fields growing due to the dynamo action. In this section we explore directly, both

the statistics of the curvature of the flux tubes, and the relation between the magnetic

line curvature and strength, using the reconnecting flux rope dynamo model.

The curvature of the flux ropes can be calculated as [Gray, 1996]

κ =
|r′ × r′′|
|r′|3 , (5.8)

where r(s) is a parametrised space curve representing a magnetic flux rope, with s the
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Figure 5.6: Snapshots of the Alfvén wave simulations. A single flux tube with field strength
|B| = 1 is perturbed at the midpoint. As the simulation progresses two wavefronts form which
move apart with speed equal to the field strength. As the fronts reach the edge of the periodic
box they interact at the boundary.
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Figure 5.7: Probability density functions (PDF) of curvature, κ at a late stage of magnetic field
evolution in the KS flow illustrated in Fig. 4.13. Dashed line is for the power-law distribution
P (κ) ∝ κ−13/7 obtained by Schekochihin et al. [2002a].

distance measured along the rope, and dash denotes derivative with respect to s. The

first derivative is calculated using Eq. (5.7) and the second derivative, from

r′′i =
2ri+1

ℓi(ℓi + ℓi−1)
− 2ri

ℓiℓi−1
+

2ri−1

ℓi−1(ℓi + ℓi−1)
+O(ℓ2), (5.9)

where notation is defined in Fig. 5.1. For ℓi = ℓi−1 = h, this form reduces to a standard

finite-difference scheme. We note that the reconnection length d0 limits the maximum

value that κ can take in our model.

Schekochihin et al. [2002a] showed, both analytically and numerically, that the

probability density function P of the curvature of field lines has a power-law form in

the limit of large κ. In particular, they obtain P (κ) ∝ κ−13/7 for a three-dimensional,

incompressible flow. Figure 5.7 shows the PDF of curvature from our simulations which

shows a very good agreement with the results of Schekochihin et al. [2002c].

The scaling of κ with |B| is an important relation as it directly relates to the

magnetic tension force. Schekochihin et al. [2002c] and Brandenburg et al. [1995] argue

that |B|κ ∼ const. In more recent work Schekochihin et al. [2004] show numerical

evidence for |B|κ1/2 ∼ const. In two dimensions Thiffeault [2004] shows that one should

expect |B|κ1/3 ∼ const, and Leonard [2005] showed numerically, with the ABC flow,

that this results extends to three dimensions with a material line. We perform regression

analysis on scatter plots of |B| vs. κ, shown in Fig. 5.8, and find |B|κ1/3 ∼ const, in

agreement with the latter results. This supports the argument of an anticorrelation

between the magnetic field strength and the local curvature, at least in the kinematic

regime. We now consider the impact that this scaling may have in the nonlinear

regime. We showed, Fig. 5.7, that the PDF of curvature in the kinematic regime

81



Chapter 5. Coupling with the Navier–Stokes equation and dynamo saturation

10
−2

10
0

10
2

10
−1

10
0

10
1

κ/2π

|B
|/
B

rm
s

Bκ1/3 =const

Figure 5.8: Scatter plot of |B| vs. κ taken at the end of the kinematic run shown in Fig. 4.13.
The line of best fit has a slope −0.34 ± 0.05, hence Bκ1/3 ≈const, Brms=257, κrms/2π = 18.2.

followed a well defined power law. Interestingly Schekochihin et al. [2004] show that

the slope of the curvature distribution remains constant in the nonlinear regime with

only a minor steepening. For reference we have included the relevant figure from

Schekochihin et al. [2004] in Fig. 5.9. We can estimate the magnetic tension force as

(B · ∇)B ≃ B2/L ≃ B2κ. In their work |B|κ1/2 ∼ const, which would mean the

tension force is approximately constant, or perhaps more importantly, not sensitive to

the curvature. This could provide an explanation why the folded structures in their

simulations remain persistent in the nonlinear regime. We show in Fig. 5.10 the time

variation of the slope of the curvature PDF into the nonlinear regime (discussed in

§ 5.1) in the flux rope model: the PDF becomes steeper, so that high curvature occurs

less often in the nonlinear state. In our model we have shown Bκ1/3 =const, i.e.

(B · ∇)B ≃ B2κ ≃ 1/B ≃ κ1/3. Hence, in the nonlinear regime, sections of flux tube

with high curvature are subject to the strongest tension forces which acts to reduce

curvature, meaning a steepening of the PDF. Clearly the structure of the field in the

nonlinear regime is highly sensitive to the nature of the scaling between |B| and κ,

and this is something that we believe warrants more careful analysis across a range of

models.
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Figure 5.9: Curvature PDF during the kinematic regime (with diffusion) and in the satu-
rated state. Curvature PDFs for all other runs in the paper are similar. Figure taken from
Schekochihin et al. [2004]
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Figure 5.10: The slope of the PDF of magnetic line curvature and r. m. s. magnetic field in the
kinematic and saturated states of the dynamo. The solid line shows α, where PDF(κ) ∼ κα.
In the kinematic regime α ≈ −13/7 as in Fig. 5.7. As the dynamo saturates (logBrms shown
dashed) α decreases.
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Magnetic energy release

6.1 Introduction

Solar corona is one of the astrophysical environments where magnetic reconnections

are believed to play an important role, particularly in heating the plasma to the high

temperatures observed [Priest and Forbes, 2000]. The reconnections are assumed to

be driven by the motion of the footpoints of magnetic flux tubes anchored in the

photosphere and extending into the corona [Priest et al., 2003, and references there-

in]. Reconnection events that release large amounts of magnetic energy are observed

as solar flares. A remarkable feature of the coronal heating mechanism is that the

frequency distribution of the flare energy has a power law form in a very broad energy

range (eight orders of magnitude) [see an excellent review of Charbonneau et al., 2001]

P (∆M) ∝ (∆M)s . (6.1)

If s < −2, most of the magnetic energy released into the corona is due to weak flares.

This attractive option suggested by Parker [1983] is known as the nanoflare model of the

coronal heating. This idea is most often explored in the context of self-organised criti-

cality models based on cellular automata, which are known to demonstrate the required

power-law statistical distributions. Notably, the continuous analogies of these models

involve the hyperdiffusion operator [Charbonneau et al., 2001]. A widely recognised

difficulty of this approach is the elusive connection with the physical picture and even

unclear physical interpretation of the variables. Alternative models [e.g., Hughes et al.,

2003], where reconnection events are modelled directly, also reproduce the power-law

statistics, but still remain rather idealised regarding the behaviour of magnetic flux

tubes.

Our model is quite different from the Solar corona settings, where the reconnections

are driven by the motion of the flux rope footpoints, the plasma is believed to be
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magnetically dominated, and in situ dynamo action is improbable. Nevertheless, in

this chapter we consider the statistics of the energy release in our model of the flux

rope dynamo. As we show here, our reconnection dynamo model naturally develops a

power-law distribution (6.1) with s ≃ −3, which appears to be independent of the form

of the velocity field. Our model can readily be adapted to the Solar corona conditions,

and despite the differences of our model from the Solar corona models, we feel that this

feature of the model can be relevant in this context.

6.2 Energy release rate

In the case of the induction equation, the magnetic energy dissipation rate can be

defined as

γi =
1

M

dM

dt
= η

∫
V B · ∇2B dV∫

V B2 dV
, (6.2)

where M is the total magnetic energy. A similar quantity can be obtained for the flux

rope dynamo by summing the contributions of all reconnection events to the magnetic

energy release:

γr =
1

M

dM

dt
=

1

8πMτ

Nτ∑

i=1

B2
i SiLi , (6.3)

where τ is a suitable time interval during which Nτ reconnections occur (we take τ to

be equal to ten time steps; individual reconnection events occur in a single time step),

and Bi, Si and Li are the magnetic field strength, the cross-sectional area and length of

the reconnected (and thus removed) flux tube segment associated with a trace particle

number i. From our assumption of frozen flux BiSi = ψ = const, the total magnetic

energy M is,

M =

Ntot∑

i=1

B2
i

8π
SiLi =

ψ

8π

Ntot∑

i=1

BiLi , (6.4)

where Ntot is the total number of trace particles in all flux tubes. Thus,

γr =
1

τ

∑Nτ

i=1BiLi∑Ntot

i=1 BiLi

. (6.5)

In Fig. 6.1 we present the energy release rates in simulations where the growth

rate of the magnetic field is σ = 0.16 in both simulations (with the unit time l0/u0).

The black line shows the energy release rate from a simulation of induction equation

with Rm = 1200, which has the mean energy release rate γi ≈ 2.4. The grey line

shows the corresponding results from the reconnection dynamo, with the mean value

plotted as a thick horizontal line. The mean value of the energy release rate from

the reconnecting flux rope dynamo is γr ≈ 23, an order of magnitude larger than
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Figure 6.1: Magnetic energy release rates from two kinematic dynamo models with the KS flow
and similar growth rates of magnetic field: as obtained from the induction equation (black) and
the reconnecting flux rope model (grey). The former has a mean value of 2.4 (here Rm = 1200)
once the eigensolution has developed. The latter (with R̃m = 174) has a mean value of 23
(shown with thick white horizontal line).
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Figure 6.2: As in Fig. 6.1, but for the ABC flow with γil0/u0 ≈ 0.6 for the eigensolution of the
induction equation at Rm = 55, and γrl0/u0 ≈ 6.7 with R̃m = 24 in the flux rope dynamo.
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Figure 6.3: Probability density for the scaled magnetic energy release, ζ = (γ − γ)/σγ , from
the time series of Fig. 6.1, for the flux rope dynamo (circles) and the diffusive dynamo with the
same magnetic field growth rate and velocity field of the same form (squares). A power-law fit
to the former and a Gaussian fit to the latter are shown solid and dashed, respectively.

that obtained from the induction equation. We also note the strong fluctuations in the

energy release rate from the reconnection model, as opposed to the quiescent behaviour

in the induction equation. It is important that an order of magnitude difference in the

energy release rates occurs in solutions with similar growth rates of magnetic field.

Since the reconnection based dynamo is more efficient than that based on magnetic

diffusion (see §4.4) kinetic energy density in the former being 10 times smaller than in

the latter. With comparable kinetic energy densities, the difference between the energy

release rates can be even larger.

As shown in Fig. 6.2, dynamos driven by the ABC flow behave similarly. With

Rm = 55, the induction equation gives an energy release rate of about γi = 0.6. The

corresponding flux rope dynamo with the same growth rate (σ = 0.02) has energy

release rate γi ≈ 6.7, again ten times larger.

6.3 Statistics of magnetic energy release

We show in Figs. 6.3 and 6.4 the probability distributions of the magnetic energy release

rate, normalised to the total magnetic energy in the domain, ζ = (γ−γ)/σγ , with γ = γi

or γr. Here overbar denotes time averaging (at times where an eigensolution has been

established) and σγ is the standard deviation of γ. Since γ = ∆M/(Mτ), it can easily

be seen that ζ = (∆M − ∆M)/σ∆M . We obtained the probability distributions of ζ

from both the induction equation and the reconnection dynamo model, both driven by
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Figure 6.4: As in Fig. 6.3, but from the time series of Fig. 6.2, a log-log plot for the flux rope
dynamo (circles) with solid line having the slope −2.98. As above, we show a Gaussian fit
(dashed) to the data from the diffusive dynamo (stars) driven by the ABC flow.
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Figure 6.5: As in Fig. 6.3, but for the energy release rates from a nonlinear simulation (see
Fig. 5.2). A power law fit is shown with dashed line (with slope −3.1)
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the KS flow, shown in Fig. 6.3, and also with both based on the 111 ABC flow, shown

in Fig. 6.4. The power-law index obtained for the KS flow is s ≈ −3.3, and that for

the ABC flow is s ≈ −3.0 . We stress that this power-law behaviour is not related

to the nature of the velocity field: solutions of the induction equation with the same

velocity fields, as we show in Fig. 6.3, exhibit an approximately Gaussian probability

distribution.

Results shown in Figs. 6.3 and 6.4 have been obtained from kinematic simulations,

where the velocity field was not affected by the Lorentz force. However, the corre-

sponding nonlinear model introduced in § 5.1 retains this feature, with s ≈ −3.1 for

the KS flow in the statistically steady state, as we show in Fig. 6.5.

It is not quite clear if the flux rope dynamo represents a physical example of self-

organised criticality, but the system seems to possess at least some of the required

properties. In particular, as we argue above, our model can be viewed as an extreme

case of magnetic hyperdiffusivity, which also arises in the self-organised criticality mod-

els of Solar flares.

In the next chapter we provide an introduction to a future avenue of research using

the flux rope model. Conservation of magnetic helicity is an important topic in both the

fluctuation and large scale dynamos. Our goal is to be able to fully monitor magnetic

helicity in the flux rope model using easily calculated topological quantities.
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Probing Helicity Conservation

In this chapter we discuss an interesting application of our flux rope model, namely the

conservation of magnetic helicity. For the large scale magnetic field, Blackman and Field

[2000] first suggested that the loss of small-scale magnetic helicity through the bound-

aries of the dynamo region can be essential for mean-field dynamo action. Since

that time, various mechanisms for helicity flux have been suggested [Sur et al., 2007;

Shukurov et al., 2006; Subramanian and Brandenburg, 2004; Vishniac and Cho, 2001].

Magnetic helicity is also believed to play a major role in solar flares [Park et al., 2008].

As we discussed in our introductory chapter, reconnection is a topological change in

the structure of the magnetic field. Because of the nature of our model, which follows

the evolution of each flux tube, certain topological quantities which can give a measure

of helicity can be easily calculated. It is well known that magnetic helicity is a con-

served quantity in the absence of dissipation, i.e. , η → 0. However reconnection takes

place when length scales become so small that dissipation can not be ignored. There

is a widespread opinion that helicity is approximately conserved under reconnection

[Biskamp, 2000; Ji et al., 1995; Pfister and Gekelman, 1991], however the reconnection

process can transfer helicity from one form to another, as we shall discuss. We define

magnetic helicity, H, as a measure of the ‘knottedness’ of the field,

H =

∫

V
A · B dV, (7.1)

where V is the volume occupied by the magnetic field. We want to know how ‘well’

magnetic helicity is conserved by our model; to do this we introduce some topological

measures which combine to give an estimate for H.
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7.1 Links, writhe and torsion

Within a simulation we keep track of four quantities: linking number, writhing num-

ber, normalised torsion and helicity. In the next few paragraphs we present a brief

introduction to each of these measures.

The linking number is a topological invariant (it remains unchanged under each

of the Reidemeister moves1) that describes the linking of two closed curves in three-

dimensional space [Adams, 2004]. Essentially the linking number is a measure of the

number of times that each curve in a system winds around the other. We define the

linking number Lk of distinct loops α and β as

Lk =
1

2

∑

p∈α⊓β

ǫ(p) (7.2)

where α ⊓ β is the set of crossings of α with β, and ǫ(p) is the sign of the crossing, as

illustrated in Figs. 7.1 and 7.2.

Unlike the linking number, the writhing number is not a topological invariant, as

it can change under a type I Reidemeister move [Adams, 2004]. Hence, calculating its

value is more difficult, as we must integrate over the solid angle. We define the writhe

as

Wr =

∫ π

0
sinθdθ

∫ 2π

0
dφ

∑

p∈C

ǫ(p), (7.3)

where C is the set of all crossings of the flux tubes, and again, ǫ(p) is the sign of

the crossing. Hence it is the sum of ǫ(p) of all crossings averaged over all possible

projections. Importantly, when calculating Wr, we only count self intersections, and

not intersections between different loops. Numerically, we use similar algorithms for

computing both Lk and Wr. Each checks for a crossing and then determines whether

they lie on the same loop (for writhe) or different loops (linking number). We take a

few projections of the system in order to check the linking number, and average over

40 projections rotated over the solid angle for the writhing number.

Our third measure is the torsion, which measures the speed of rotation of the

binormal to a curve. For a position r(s) on a curve we define the torsion as,

τ(r) =
(r′ × r′′) · r′′′

(r′ × r′′)2
, (7.4)

where dash denotes the derivative along the curve.

We can use the torsion at each particle on a loop to define the normalised torsion

1A Reidemeister move refers to one of three local moves on a set of line segments. The moves
are defined as: I. Twist or untwist in either direction, II. Move a segment completely over another,
III. Move a segment completely over or under a crossing.
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Figure 7.1: Crossing signs used in calculating both the linking and writhing numbers.

Figure 7.2: Two linked curves, Lk = 1.

as

Tr =
1

2π

∫

Σℓ
τds =

1

2π

N∑

i=1

τidsi, (7.5)

i.e. we sum the torsion over each segment of our loops. Here Σℓ denotes the full

ensemble of flux tubes in a simulation. We use the same numerical scheme as shown

earlier, see Eqs. (5.7) and (5.9), to calculate r′ and r′′. By combining the two we

obtain a scheme for the third derivative which expands the footprint of the numerical

derivative to 5 particles.

Our final measure is the magnetic helicity defined in Eq. (7.1). We again appeal

to the fact that our magnetic field is confined to thin filaments, hence we can rewrite

Eq. (7.1) as a line integral,

H =

∫

Σℓ
|B(r)|A · r′ds (7.6)

We use the Biot-Savart integral to calculate A,

A(x) =
1

4π

∫

V

B(y)(x − y) × dy

|x − y|3 . (7.7)

This is a numerically intensive procedure, but for the size of the simulations used here

this is not a major problem. To help reduce the time each simulation takes we only

calculate these quantities every 1000 timesteps.

We now consider the relation between magnetic helicity and the other topological

measures, Lk, Wr and Tr. Moffatt and Ricca [1992] show that for two linked, unknot-

ted, flux tubes with fluxes Φ1 and Φ2, the magnetic helicity is,

H = 2Φ1Φ2Lk (7.8)
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Our initial condition for the simulation presented in this chapter is a linked bundle

of magnetic flux tubes, see the top-left panel in Fig. 7.3. If we apply our equation of

motion, Eq. (5.5) to this set up we would expect magnetic tension to contract the flux

tubes eventually resulting in the tubes reconnecting. At this point the linking number

of the flux tubes will be 0, but the other three contributors to magnetic helicity (see

below) will differ from zero. Moffatt and Ricca [1992] show that for a single flux tube

(with flux Φ) the helicity can be written as

H = (Wr + Tr + N )Φ2. (7.9)

Writhe and normalised torsion are defined earlier, N is defined as the intrinsic twist2.

At present, our model consists of magnetic lines, which have no internal structure.

Therefore we cannot calculate intrinsic twist, which is where our current model fails.

7.2 Results

Our initial setup can be seen in Fig. 7.3 (top-left), the four loops shown are each

made up of 500 particles organised into two orthogonal bundles, with Φ = 1. We

evolve the loops by moving each particle according to Eq. (5.5), using the third-order

Adams–Bashforth scheme of Eq. (2.20). As with earlier simulations, the algorithm

for inserting/removing particles is performed every timestep, and the more intensive

reconnection algorithm every ten timesteps. In Fig. 7.3 we show snapshots of the

system as it evolves. It is apparent that magnetic tension causes the loops to contract

which then triggers reconnections between the tubes. In Fig. 7.4 we plot the value of

the linking number of the system Lk, magnetic helicity H, and the writhing number

plus normalised torsion Wr + Tr. Initially the magnetic helicity matches well with the

linking number as we expect from Eq. (7.8), and Wr + Tr ≈ 0.

As the simulation progresses, reconnections between the bundles occur, eventually

leading to a loss of linking between the tubes, hence Lk = 0, for t & 10. At this point

there must be a transfer of magnetic helicity from the linking to the twist and writhe

of the tubes. Eq. (7.9) quantifies this; note however that the lack of intrinsic twist

in the model means that magnetic helicity is not conserved in our simulations. We

find that Wr + Tr ∼ H. It must be noted that the torsion at each particle requires a

third derivative to be taken, the resulting error is considerable. We also note that as

the simulation progresses, after the reconnection, the helicity tends towards zero. We

suggest that is due to the fact that the contribution from the intrinsic twist grows as

2Intrinsic twist, N = Tw − Tr, where Tw is the total twist and Tr is the normalised torsion, for a
ribbon of length L, Tw =

R

L
(t̂ × n̂) · n̂′ds. Here t̂ is the unit tangent along the ribbon, and n̂ is the

unit normal to the surface of the ribbon
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Figure 7.3:

Snapshots of the linked flux tubes; magnetic tension causes the contraction of the
four loops which drives the reconnections and hence the transfer of helicity.

the tubes ‘flatten out’ as we see in the snapshots. However in order to confirm these

arguments and probe helicity conservation as a whole we must complete the model and

account for the intrinsic twist of the tubes.

To summarise our findings from this chapter, we have verified that our simplified

model captures, to some extent, the evolution of magnetic helicity. The lack of intrinsic

twist is a major drawback at the moment and is primary reason why we have not

monitored helicity during our dynamo simulations. One idea which we are investigating

is monitoring the evolution of the normal and binormal to the magnetic line at each

particle. If progress is made then the flux rope dynamo could be an important tool, to

monitor the evolution of helicity, in a dynamo driven by both helical and non-helical

flows.
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Shown in the above plot are linking number (thick black line), magnetic helicity
(dashed black line) and writhe plus normalised torsion (red line).
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Chapter 8

Conclusions and future work

In this chapter, we give a very brief summary of the results which we have presented

in this thesis. We have confirmed that the dynamo action is sensitive to the nature

of magnetic dissipation and demonstrated that magnetic reconnections (as opposed to

magnetic diffusion) can significantly enhance the dynamo action. We have explored the

kinematic stage of the fluctuation dynamo in a chaotic flow that models hydrodynamic

turbulence and in the ABC flow, with the only magnetic dissipation mechanism being

the reconnection of magnetic lines implemented in a direct manner. In our model,

where magnetic dissipation is suppressed at all scales exceeding a certain scale d0, the

growth rate of magnetic field exceeds that of the magnetic diffusion-based fluctuation

dynamo with the same velocity field. Even when the velocity field of the reconnection-

based dynamo is reduced in magnitude as to achieve similar growth rates of magnetic

energy density, the rate of conversion of magnetic energy into heat in the reconnection

dynamo is an order of magnitude larger than in the corresponding diffusion-based

dynamo. Thus, reconnections more efficiently convert the kinetic energy of the plasma

flow into heat, in our case with the mediation of the dynamo action. This result,

here obtained for a kinematic dynamo, can have serious implications for the heating of

rarefied, hot plasmas where magnetic reconnections dominate over magnetic diffusion

(such as the corona of the Sun and stars, galaxies and accretion discs).

It is intriguing that reconnections play the same role, of converting kinetic en-

ergy into heat, in superfluids and Bose-Einstein condensates [Leadbeater et al., 2001;

Barenghi, 2008]: Fluids near absolute zero, at the opposite end of the temperature

spectrum. Indeed one future application of this model can be to model the magnetic

superfluid vortices (fluxoids) in the centre of a neutron star.

Our model can be viewed as a numerical implementation of the elusive limiting

regime of infinitely large magnetic Reynolds number, where magnetic dissipation can

be safely neglected at all large scales but plays a crucial role at a certain very small

scale (we are grateful to Alex Schekochihin for suggesting this idea).

96



Chapter 8. Conclusions and future work

In contrast to the fluctuation dynamo based on magnetic diffusion, the probability

distribution function of the energy released in the flux rope dynamo has a power-law

form not dissimilar to that observed for Solar flares. This is also true for the nonlinear

states of the dynamo.

The reconnection-based dynamo model suggested here can be generalised to include

the modification of the velocity field by the Lorentz force. More precisely, magnetic

pressure is assumed to be balanced by other forces (e.g. the gas pressure), so that

only magnetic tension needs to be explicitly included into the Navier–Stokes equation.

Magnetic tension can readily be calculated in our model where magnetic field is defined

only at discrete positions of closed magnetic loops. We suggest two approximations for

the Navier–Stokes equation, one designed to model Alfvén waves and the other suitable

for the studies of nonlinear dynamos. The former model can be useful in the studies of

nonlinear interaction of Alfvén waves and Alfvénic turbulence.

Unlike most – if not all – other simulations of the fluctuation dynamo, our com-

putations start with a spatially localised initial magnetic field. This has allowed us

to observe that the magnetised region spreads during the kinematic dynamo stage but

its size stops growing in the nonlinear stage. This can be naturally interpreted as the

suppression of the turbulent magnetic diffusion in the saturated dynamo state. This is

broadly equivalent to the reduction of the effective magnetic Reynolds number down

to its marginal value (with respect to the dynamo action).

We also presented some initial results concerning the conservation of magnetic he-

licity in the model. The lack of intrinsic twist, due to the one-dimensional nature of

the flux tubes in our model, means that the current results are unsatisfactory. One

option, that we plan to investigate in the future, is to assign each particle a normal

direction at the start of the simulation and monitor the evolution of the particle and

the normal, to the particle, to monitor the twist as a simulation evolves.

Finally, our model of magnetic field evolution, based on tracing closed magnetic

loops can be fruitfully applied in other numerical approaches to magnetohydrodynam-

ics. One of well-known difficulties in the generalisation of smoothed-particle hydrody-

namics to include magnetic fields is the implementation of the solenoidality of magnetic

field. Quite notably, our approach satisfies the magnetic solenoidality condition per-

fectly since the modelled magnetic lines are closed at all times. A similar approach

may be fruitful in smoothed-particle magnetohydrodynamics codes.
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Using Condor

A.1 Introduction

In this appendix we present a breif tutorial on the use of the Condor batch system

software as a means of high performance computing. Whilst the latest versions of Con-

dor are capable of fully parallised processing, this guide will only cover the submission

of multiple batch serial jobs. All interested readers are advised to consult the Condor

project homepage at http://www.cs.wisc.edu/condor which features detailed docu-

mentation on installing Condor on a cluster, as well as the wealth of options available

for running your code. This tutorial, from the point of view of a Linux/Unix user,

will provide details on submitting multiple jobs to the Condor queue system, as well

as making a Fortran code restartable.

A.2 Classads

Jobs are submitted to the Condor queue as .classad files, to submit example.classad

to the Condor system we would type,

> condor_submit example.classad

at a Linux/Unix command prompt. Our example.classad will run an executable,

example.x, that we have compiled to run on the correct operating system. We make

this distinction as some users may want to compile their jobs to run on the Windows

operating system, to take advantage of the high number of machines running this OS

at their institution. Our Linux system uses the MinGW software package, a port of the

GNU Compiler Collection (GCC), to compile Fortran code to a Windows executable

on a Linux machine. A typical .classad file we use has the following structure:

Executable = example.x
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Universe = vanilla

Requirements = OpSys == "LINUX"

#Requirements = OpSys == "WINNT51"

transfer_input_files = setup.dat

should_transfer_files = YES

when_to_transfer_output = ON_EXIT_OR_EVICT

Error = example.err

Output = example.out

Log = example.log

Queue

The table below lists the role of each of the arguments in the classad above:
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Argument Role

Executable The name of the executable you wish to sub-

mit.

Universe The vanilla universe means that your code

does not have to be relinked with the Con-

dor tools; see the project documentation for

further details.

Requirements = OpSys The name of the operating system you want

to use.

transfer_input_files Ensure files (e.g. setup.dat) your code re-

quires to run are passed to the queue with

the executable.

should_transfer_files Set yes for condor to return files that your

code generates back to the machine which

you submitted the classad from.

when_to_transfer_output When files are returned to the submitting

machine.

Error The name of the error file, useful for debug-

ging.

Output Any output your code would normally make

to the screen can be found in this file.

Log The Condor log file with details of the ma-

chine(s) your code has run on.

Queue The number of processes the user wants the

job to run, by stating Queue without an argu-

ment, it implies one process, hence the code

is run once.

To check on a job(s) we would then use the following command,

> condor_queue

In the final part of this section we show a simple shell script which we use to setup

multiple jobs and submit them to the Condor queue.

#!/bin/sh

usage()

{

echo "Usage: $0 number_of_runs <source path for parent run>"

exit 1
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}

[ $# -lt 1 ] && usage

number_of_runs=$1

for i in ‘seq 1 $number_of_runs‘; do

[ -d run$i ] || mkdir run$i

( cd run$i; newrun_kinematic_KS_restartable; \

make condor; condor_submit main_KS.classad; make clean )

done

echo "$number_of_runs jobs submitted to condor"

The script is called with an argument for the number of jobs that you wish to submit.

We then loop over this number setting up directories, copying the source code (another

script newrun_kinematic_KS_restartable), compiling the code (using a Makefile),

and then submitting the classad.

By using the ,

Universe = vanilla

argument in our classad we avoided having to use the Condor tools to ‘relink’ the

executable. This means, however, that if a job is interrupted it will restart from the

beginning, in the next section we show a way around this problem.

A.3 Restartable Fortran code

One of the problems with using the Condor system is that the jobs run on idle computers

on your institute’s network. If another user logs on to the computer your code is running

on, it will be stopped and sent back the queue to be redistributed. If the code you are

running is not made to be restartable, then it will resume from the beginning of the

simulation, not ideal if it is a long simulation. However it is very easy to make a code

restartable and in this section we give examples of the subroutines which we use in our

Fortran code. The first routine simply dumps our key parameters to a binary file,

dump.dat, every 1000 timesteps.

if (mod(itime, shots)==0) then

open(unit=53,file="dump.dat",FORM=’unformatted’)

write(53)xp,t,itime,restart_count,zl,line_p_count

call save_random_seed_to(53)

close(53)

end if
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The second routine inquires if the dump file exists; if so then the code is restarted from

the point at which we created dump.dat.

inquire(file=’dump.dat’, exist=can_restart)

if (can_restart) then

! Restart code

print*, ’picked up dump data’

open(unit=42,form="unformatted",file="dump.dat")

read(42) xp,t,itime,restart_count,zl,line_p_count,line_f_count

! Interesting to know how many times we have restarted?

restart_count=restart_count+1

else

call initial_work

end if

If the dump file does not exist then we know that this is the first run of the code, and

so we call a routine (initial_work) which sets the code up at t = 0. By using Condor

we were able to perform thousands of simulations required for averaging the results

presented in chapter §3.
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VAPOR: 3D graphics

post-processing

Another piece of software that we use is Vapor , which we use to create isosur-

faces and direct volume renderings of three-dimensional data. As in Appendix A,

we feel no need to repeat the excellent documentation available on the code’s home-

page http://www.vapor.ucar.edu. Indeed, the author urges all readers to visit the

‘Gallery’ section of the website to view some stunning images generated using the soft-

ware. Instead in this appendix we present our IDL code for manipulating data from

both the Pencil Code and our flux rope simulations into the required format to use

in Vapor. Vapor makes use of wavelet transforms, and so the data has to be pre-

pared in a specific manner, as slices through a particular dimension. In our flux rope

simulations we can smooth the field from our flux tubes onto a mesh. This field can

then be dumped to a binary file using the following Fortran code:

real,dimension(Ninbox,Ninbox,Ninbox,3) :: field

write(unit=gauss_file,fmt="(a,i3.3,a)")"smooth_data",print_file_count,".dat"

open(unit=97,form="unformatted",file=gauss_file)

write(97) field

close(97)

If we open IDL we can read this data into an array using the following commands,

Ninbox=64

data = FLTARR(Ninbox,Ninbox,Ninbox,3)

;Open the fortran-generated file. The F77_UNFORMATTED keyword is

;necessary so that IDL will know that the file contains unformatted

;data produced by a UNIX FORTRAN program.
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OPENR, lun, ’smooth_data001.dat’, /GET_LUN, /F77_UNFORMATTED

;Read the data in a single input operation.

READU, lun, data

;Release the logical unit number and close the fortran file.

FREE_LUN, lun

;Set bb to be the full magnetic field

bb=data

;Set b2 to be modulus of the magnetic field

b2=sqrt(dot2(bb))

We now have the full B field and an array for |B|. To put this in the correct form for

Vapor we use the following code,

pro vapor_abag2, bb, b2

idir = ’./’

odir = idir + ’vapor/’

num_levels = 1

varnames = [’bbx’, ’bby’, ’bbz’, ’b2’]

vdffile = odir + ’pc.vdf’

s=size(bb)

dim = [s[1],s[2],s[3]]

mfd = vdf_create(dim, num_levels)

vdf_setvarnames, mfd, varnames

;extents = [xl, yl, zl, xr, yr, zr]

;vdf_setextents, mfd, extents

vdf_write, mfd, vdffile

vdf_destroy, mfd

dfd = vdc_bufwritecreate(vdffile)

vdc_openvarwrite, dfd, 0, ’bbx’

for k=0,dim[2]-1 do begin

vdc_bufwriteslice, dfd, bb[*,*,k,0]

endfor

vdc_closevar, dfd

vdc_openvarwrite, dfd, 0, ’bby’

for k=0,dim[2]-1 do begin

vdc_bufwriteslice, dfd, bb[*,*,k,1]

endfor
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vdc_closevar, dfd

vdc_openvarwrite, dfd, 0, ’bbz’

for k=0,dim[2]-1 do begin

vdc_bufwriteslice, dfd, bb[*,*,k,2]

endfor

vdc_closevar, dfd

vdc_openvarwrite, dfd, 0, ’b2’

for k=0,dim[2]-1 do begin

vdc_bufwriteslice, dfd, b2[*,*,k]

endfor

vdc_closevar, dfd

vdc_bufwritedestroy, dfd

end

This makes use of the Vapor IDL extension programs, which are included in the

standard Vapor installation, to write the data in the required format. Once this

routine is complete, Vapor can be run and the data easily loaded. Here we refer the

reader to the full documentation for the wealth of options. Before closing this appendix

we could not resist the temptation to include some output from Vapor.

Figure B.1: Magnetic energy and magnetic field lines from the average-in-time velocity dynamo
mode with Taylor-Green forcing. Image from the Vapor website, a similar image can be found
in Ponty et al. [2008]
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