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LAST TIME
• The continuum assumption/approximation treats the fluid as being 

continuous, with properties which can be defined at any point in space and time. 

• A fluid parcel is a volume of fluid which is sufficiently large to satisfy the 
continuum approximation but small enough to treat as infinitesimal.

Under the continuum approximation we can define the fluid velocity (and any 
other fluid property) at any point in space and time, blurring out the behaviour of 
the individual particles themselves.  



3. FLOWS
The aims of this chapter are to: 
• Introduce various ways to describe the flow of a fluid. 
• Apply these to some example flows.



• In Cartesian coordinates, the most general form of flow velocity is

3.1 FLOW VELOCITY
We describe the flow by                 , the flow velocity 
at position    and time t. 

!v = !v(!x, t) !x

!v = !v(!x, t) !x

!v =
!
vx(x, y , z, t), vy (x, y , z, t), vz(x, y , z, t)

"

A “quiver plot” representing the 
velocity field 
Note that this is a “3D flow” since the 
velocity varies in all three directions

!v = !v(!x, t) !x

https://earth.nullschool.net/#current/

https://earth.nullschool.net/#current/


3.2 1D AND 2D FLOWS 
• Flows can often be approximated as one- or two-dimensional. 
• This allows for a simpler mathematical description.

!v = !v(!x, t) !x

• For example, 

is a 2D flow. 
• For simplicity we can write this as

!v =
!
vx(x, y , t), vy (x, y , t), 0

"

!v =
!
vx(x, y , t), vy (x, y , t)

"

A 2D flow is a function of two spatial 
coordinates only, and has zero 
component in the remaining direction.





3.2 1D AND 2D FLOWS 

• For example, 

is a 1D flow. 
• For simplicity we can write this as

A 1D flow is a function of one spatial 
coordinate, and has no component in 
the remaining direction.

!v = !v(!x, t) !x

!v =
!
vx(x, t), 0, 0

"

!v = vx(x, t)





3D Flow

1D Flow

2D Flow



3.3 FLOWS IN CYLINDRICAL  
POLAR COORDINATES

• Sometimes the geometry of the flow favours 
cylindrical polar coordinates (for example, a 
tornado) 

• In cylindrical polar coordinates, the flow has 
the most general form 

!v =
!
vr (r, ", z, t), v!(r, ", z , t), vz(r, ", z , t)

"
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• Such flows can also be 1D or 2D, for 
example: 
• A flow which is a function of r and θ, with vz=0 

is a 2D flow 
• A flow which is a function of z, with vr=0 and 

vθ=0 is a 1D flow



3.4 UNIFORM FLOWS 

• In a uniform flow, the flow velocity may change with time, as long as 
it does so uniformly in space. 

Uniform  Non-uniform

In a uniform flow, the flow velocity is the same at every point.

!"v

!x
= 0,

!"v

!y
= 0,

!"v

!z
= 0• In other words



3.5 STEADY FLOWS 

• In other words

In a steady flow, the flow velocity does not change with time.

!"v

!t
= 0

• Note that in a steady flow the flow velocity may change with position, 
but not with time. 

• Flow which is not steady is unsteady flow.



3.5 STEADY FLOWS 

From steady to unsteady flow past an aerofoil (wing)





3.6 STAGNATION POINTS

• At a stagnation point the flow “stagnates”. 
• We often want to find the location of the stagnation points for a 

given flow.   
• For a general 3D (Cartesian) flow  

we would seek the coordinates (x, y, z) which simultaneously 
satisfy,

A stagnation point is a point    in the fluid where         . !v = 0 !x �v = �0

�
��

��

vx(x, y , z, t) = 0

vy (x, y , z, t) = 0

vz(x, y , z, t) = 0

�v(�x, t) =
�
vx(x, y , z, t), vy (x, y , z, t), vz(x, y , z, t)

�



3.6 STAGNATION POINTS
• A fluid parcel cannot escape a stagnation point! 
• Stagnation points often occur when a flow is incident upon a 

surface.

The example flow                                    
for x > 0; this represents flow incident on a 
wall

�v = (vx , vy ) = (�x, y)



3.6 STAGNATION POINTS

Stagnation point in the flow against a blunt surface





3.7 STREAMLINES - WHY BOTHER?
• We can visualise the flow by plotting the velocity vectors as a “quiver 

plot” (sometimes “vector field”) 

• Is there a better way to visualise the flow velocity than by a quiver plot?  Yes, 
streamlines!

x

y



3.7 STREAMLINES - DEFINITION

streamlines

A streamline is a curve which is everywhere tangential to 
the instantaneous flow velocity. 

• Streamlines give an 
instantaneous snapshot 
of the flow. 

• Note how we add 
arrows to the lines 
show the flow direction



3.7 STREAMLINES - PROPERTIES
• For a steady flow, the streamlines are fixed over time. 
• For an unsteady flow, they change with time.

streamlines

• Along a streamline, the fluid moves with the same direction as 
the line, and so: 
• the fluid cannot cross a streamline 
• two streamlines cannot cross



3.7 STREAMLINES - PARAMETRIC FORM

• This equation embodies the rule that the curve       has the same 
direction as    everywhere in space (at some fixed time t). 

• It’s three Cartesian components are:  

• The direction of increasing s gives the direction of the 
streamlines (always shown by arrows on the streamlines)

Streamlines are parametric curves                               with 
parameter s, which satisfy, 

 

�x(s) = (x(s), y(s), z(s))

d�x

ds
= �v (�x(s), t) .

�x(s) = (x(s), y(s), z(s))

d�x

ds
= �v (�x(s), t) .

�x(s) = (x(s), y(s), z(s))

d�x

ds
= �v (�x(s), t) .

�x(s) = (x(s), y(s), z(s))

d�x

ds
= �v (�x(s), t) .



3.7 STREAMLINES - PARAMETRIC FORM

• Solving these gives the general solution for the family of streamline 
curves,        (featuring some an arbitrary constant) 

• Then to find a particular streamline we apply an “initial condition” such 
as 

• Note that: 

•  For a 2D flow (e.g. (vx,vy,0)) one of the streamline coordinates will 
be constant 

•  For a 1D flow (e.g. (vx,0,0)) two of the streamline coordinates will 
be constants.

�x(s = 0) = (x0, y0, z0)

�x(s) = (x(s), y(s), z(s))

d�x

ds
= �v (�x(s), t) .



3.7 STREAMLINES - 2D FLOW

For a 2D flow                  the streamline curves y(x) satisfy,  

 

�v = (vx , vy )

• This can be obtained by dividing the second equation by the first 
equation in,

y(x)

• For 2D flow there is an easier way to deduce streamlines.

• This can be understood geometrically:



3.7 STREAMLINES - 2D FLOW

For a 2D flow                  the streamline curves y(x) satisfy,  

 

�v = (vx , vy )

• Solving this equation provides the equation y(x) for the 
streamline curves. 

• Note that this answer does not tell us the direction of the 
streamlines; we can deduce this from the direction of   .

�x(s) = (x(s), y(s), z(s))

d�x

ds
= �v (�x(s), t) .




