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Calculators may be used.



Please leave margins blank MAS2803/PHY2033

Formula Sheet

In cylindrical polar coordinates (r, θ, z):

• The curl of a vector ~A = (Ar, Aθ, Az) is given by,
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• The divergence is ∇ · ~A =
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• The line element vector is d~̀= (dr, r dθ, dz).

• The gradient of a scalar function f(~x) is ∇f =
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• The Laplacian operator of a scalar function f(~x) is,
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Gauss’ theorem says that for a vector field ~A then,∫∫∫
V

∇ · ~A dV =

∫∫
S

~A · n̂ dS,

where S is a smooth closed surface, V is the enclosed volume, and n̂ is the
outward unit vector normal to the surface S.

Stokes’ theorem states that for a vector field ~A then,∮
C

~A · d~̀=

∫∫
S

(∇× ~A) · n̂ dS,

where C is a closed curve, S is the surface bounded by C and n̂ is the unit
vector normal to S.
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SECTION A

A1. Consider the 2D flow ~v = (vx, vy) = (2, x).

(a) Is the flow steady or unsteady? Is it uniform or non-uniform?

Answer:

[2 marks]

(b) Determine y(x) for the streamlines. Sketch some typical stream-
lines, including arrows to show their direction.

Answer:

[4 marks]

(c) Do you expect the pathline curves to be the same or different to
the streamline curves? Briefly justify your answer.

Answer:

[2 marks]

Question A1 continued on next page Page 3 of 14
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[Total: 8 marks]
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A2. Consider the 2D flow ~v = (vx, vy) = (2tx,−4ty), where t is time.

(a) Determine x(t) and y(t) for the pathline with initial conditions
x(t = 0) = x0 and y(t = 0) = y0.

Answer:

[4 marks]

(b) Show that the pathline with x0 = y0 = 1 follows the curve y(x) =
1/x2.

Answer:

[2 marks]

(c) Sketch the pathline in part (b) for t ≥ 0, including an arrow to
show its direction.

Answer:

Question A2 continued on next page Page 5 of 14
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[2 marks]

[Total: 8 marks]
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A3. A cube of side 1 m floats in water. One quarter of the cube’s volume
lies above the surface of the water. You may take the acceleration due
to gravity as 10 m s−2 and the density of water as ρw = 1000 kg m−3.

(a) Calculate the buoyancy force (vector) on the cube. You may ne-
glect the buoyancy force due to air.

Answer:

[4 marks]

(b) Taking the forces on the cube to be in equilibrium, deduce the
weight of the cube and hence its density.

Answer:

Question A3 continued on next page Page 7 of 14
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[4 marks]

[Total: 8 marks]
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A4. (a) Consider the flow ~v = (vx, vy) = (y2, x). Determine the circulation

Γ =

∮
C

~v · d~̀ about the square path C from (0, 0) to (1,0) to (1,1)

to (0,1) and back to (0,0).

Answer:

Question A4 continued on next page Page 9 of 14
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[4 marks]

(b) Using the appropriate theorem, show how the circulation can be
expressed in terms of the vorticity. Hence verify your result for (a).

Answer:

[4 marks]

[Total: 8 marks]
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A5. (a) State Bernoulli’s theorem, defining all of the variables involved.

Answer:

[2 marks]

(b) A jet of water is fired vertically upwards in the air from an opening
at speed v0. The water experiences the gravitational body force
and has uniform density ρ. Using Bernoulli’s theorem, determine
an expression for how high the water reaches, h, in terms of v0 and
the acceleration due to gravity g.

Answer:

Question A5 continued on next page Page 11 of 14
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[4 marks]

(c) Taking v0 = 10 m s−1 and g = 10 m s−2, how high does the jet
reach?

Answer:

[2 marks]

[Total: 8 marks]
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SECTION B

B6. Consider a fluid of constant density ρ0 in the absence of any body forces.
The velocity field corresponds to a steady vortex flow given in cylindrical
polar coordinates by,

~v = (vr, vθ, vz) =

(
0,

1

r2
, 0

)
.

You should use cylindrical polar coordinates throughout this question.

(a) Show that the vorticity ~ω is of the form
(
0, 0, ω(r)

)
, where ω(r)

should be determined.

[4 marks]

(b) Show that the flow is incompressible.

[2 marks]

(c) Determine the circulation Γ about a circular path of radius R, in the
z = 0 plane, centred at the origin and oriented counter-clockwise.

[4 marks]

(d) The fluid obeys the incompressible Euler equation,

∂~v

∂t
+ ~ω × ~v = −∇

(
P

ρ0
+

1

2
v2
)
,

where v = |~v|.
(i) For the above flow, use the incompressible Euler equation to

obtain three differential equations for the pressure P .

(ii) Solve these equations to find an expression for the pressure P (r, θ, z)
of the fluid. Apply the condition that P (r → ∞) = P0 in your
final answer.

(iii) Sketch how the pressure varies with radius. Indicate P0 on the
pressure axis.

(iv) Comment on the realism (or otherwise) of the pressure at small
r.

[20 marks]

[Total: 30 marks]
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B7. For a fluid with variable density ρ(~x, t) and flow velocity ~v(~x, t), the
integral form of the continuity equation is,∫∫∫

V

∂ρ

∂t
dV = −

∫∫
S

ρ~v · n̂ dS,

where V is a fixed volume enclosed by the closed surface S and n̂ is the
outward normal unit vector

(a) In words, give a brief interpretation of the continuity equation above,
including what the left and right sides represent.

[4 marks]

(b) Starting from the above form of the continuity equation, use Gauss’
theorem (given on the Formula Sheet) to derive the differential form
of the continuity equation,

∂ρ

∂t
+∇ · (ρ~v) = 0.

[6 marks]

(c) An experimentalist studying a fluid of constant density ρ0 measures
it to flow with a velocity ~v = (vx, vy, vz) = (2y, 3y2, 4z). Take V to
be the cubic volume 0 ≤ x, y, z ≤ 1.

(i) Calculate the mass flux µ =

∫∫
S

ρ~v · n̂ dS out of the surface S

which encloses V , where n̂ is the outward normal unit vector.

(ii) Use Gauss’ theorem to write the mass flux surface integral as a
volume integral. Hence confirm your answer for µ.

[16 marks]

(d) Comment on the reliability (or otherwise) of the experimental mea-
surement.

[4 marks]

[Total: 30 marks]

THE END
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