
MAS2803/PHY2033 Supplementary Exercises - Chapter 3

1. Consider the flow ~v = (vx, vy) =

(
2

1 + t
, 1

)
(a) Is the flow steady or unsteady? Uniform or non-uniform?

(b) Determine the equation of the streamline y(x) that at given t goes through (x0, y0).

(c) Determine the equation of the streamline that goes through x0 = y0 = 3 at t = 0.

(d) Determine the equation of the pathline that goes through the point x0 = y0 = 3 at
t = 0.

2. Consider the flow ~v = (vx, vy) =

(
1

x
, 3

)
.

(a) Determine the parametric form of the streamlines, x(s) and y(s). Combine these and
eliminate s to obtain y(x) for the streamlines.

(b) Sketch some streamlines.

(c) Now obtain y(x) for the streamlines directly. Confirm that you obtain the same
answer as in (a).

(d) Do you expect the pathlines to be the same as the streamlines?

3. Challenging. Consider the 2D unsteady flow ~v = (h cos t, sin t).

(a) Find the parametric equations x(s) and y(s) for the streamlines with conditions
x(s = 0) = x0 and y(s = 0) = y0.

(b) State the parametric equations at t = 0 and sketch some typical streamlines. Repeat
for t = π/4 and t = π/2. Comment on the general shape of the streamlines and how
they change with t.

(c) Find the equations x(t) and y(t) for the pathlines with initial conditions x(t = 0) = x0
and y(t = 0) = y0. Show that the pathlines are ellipses, and state the two semi-axes.
Sketch a typical pathline.

Hint: the general equation for an ellipse, centred at (xc, yc), is

(
x− xc
a

)2

+

(
y − yc
b

)2

=

1, where a is the semi-axis along x and b is the semi-axis along y.

4. An alternative approach to deducing the streamlines is to consider an infinitesimal ar-
clength vector along the streamline, d~̀=

(
dx, dy,dz

)
and require that this is parallel to

the velocity by imposing that ~v × d~̀ = 0. Show that this leads to three simultaneous

differential equations for the streamlines (
dy

dx
= ...,

dz

dx
= ...,

dy

dz
= ...). Show then that the

same three equations can be obtained from the streamline definition
d~x

ds
= ~v.

5. Determine the material derivative of:

(a) f(x, y, z) = x2y sin(at), where a is a constant and taking the velocity field as v =
(3x,−6y, z2).

(b) ~v = (xy, 5 exp(3t), 0).

(c) ~v = (5x2, exp(y), z).

6. In Cartesian coordinates ~x = (x, y, z), a vortex is described by the flow

~v = (vx, vy, vz) =

(
−y

x2 + y2
,

x

x2 + y2
, 0

)
.



(a) Show that the flow is irrotational.

(b) Determine how the flow speed v = |~v| varies with r.

7. For each flow velocity below, calculate (i) the vorticity, (ii) the circulation specified.

(a) ~v = (vx, vy, vz) = (x, y, z2). Take the circulation to about the square region 0 ≤
x, y ≤ 1, lying in the z = 0 plane and oriented counter-clockwise.

(b) ~v = (vr, vθ, vz) = (1, θ2, z). Take the circulation to be the circle of radius 1, lying in
the z = 0 plane, centred on the origin, and oriented clockwise.

(c) ~v = (vr, vθ, vz) = (r2, sin(θ), 0). Again, take the circulation to be the circle of radius
1, lying in the z = 0 plane, centred on the origin, and oriented clockwise.

8. Consider again Example 11, in which we calculated the circulation. Use Stokes’ theorem
to obtain the same answers by evaluating the circulation as a surface integral.

9. Verify the results given in the Lecture Notes for:

(a) the circulation and vorticity of a flow under solid-body rotation.

(b) the vorticity of shear flow.

(c) the vorticity of a free vortex.

10. Consider part (a) above for a flow under solid-body rotation. From the vorticity result
and using Stokes’ theorem, verify the circulation result.

11. What is the circulation about a free vortex, along a circular path of radius R, taken
counter-clockwise?


