
MAS8854 2018/19 Assignment sheet 1

Single population models
Answer all questions. Hand-in to the General Office before 4pm on Thursday 28th of February.

Question 1
A modified logistic equation for single-species population N = N(t) reads

dN

dt
= rN

[
1−

(
N

K

)α]
, (1)

where r > 0 is a growth rate, K the carrying capacity, and α a new, real parameter.

1. Show that, by rescaling population and time variables, this equation can be transformed into
the form

dx

dτ
= x(1− xα). (2)

2. Find the fixed points of this rescaled model and determine their stability. What values can α
give a stable population at the carrying capacity?

Question 2
Consider the delayed-difference equation (DDE)

xn+1 = rxn (1− xn−N) (3)

where N ≥ 1 is a position integer determining the delay time in generations.

1. Find the fixed points of this DDE (there are two).

2. For each fixed point, x?, make the Ansatz xn = x? + η0χ
n and linearise the DDE w.r.t. η0 and

derive equations for χ.

3. In the N = 1 case, solve these equations for χ and hence determine for which values of r the
fixed points are stable. For which values of r do you expect damped population oscillations?

4. Write a computer program to iterate the DDE in the N = 1 case. Create plots to illustrate
the different behaviours of this DDE for various values of r.

5. Create a bifurcation diagram for this system for N = 1 (and beyond if you are feeling brave)
[BONUS QUESTION: no marks, only kudos at stake]

Question 3
The cumulant generating function from a stochastic model of a single population reads

G(χ, t) = 100 ln

[ 1
2
(1− eχ)f(t) + (eχ − 1

2
)

(1− eχ)f(t) + (eχ − 1
2
)

]
; f(t) = 1 + tanh2(t). (4)

(a) Find mean and variance directly from cumulant generating function.

(b) Find probability generating function F (z, t) =
∑

n=0 z
npn(t).

(c) Find extinction probability of the species in the limit t→∞.


